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Abstract: Let A and B be local operators in Hamiltonian quantum systems with N degrees of freedom
and finite-dimensional Hilbert space. We prove that the commutator norm ‖[A(t), B]‖ is
upper bounded by a topological combinatorial problem: counting irreducible weighted paths
between two points on the Hamiltonian’s factor graph. We show that the Lieb-Robinson
velocity always overestimates the ballistic growth of operators. In quantum systems drawn
from zero-mean random ensembles with few-body interactions, we prove stronger bounds
on the ensemble-averaged E
[‖[A(t), B]‖2]. In such quantum systems on Erdo¨s-Re´nyi factor
graphs, we prove that the scrambling time ts, at which ‖[A(ts), B]‖ = Θ(1), is almost surely
ts = Ω(
√
logN); we further prove ts = Ω(logN) to high order in perturbation theory in 1/N .
We constrain infinite temperature quantum chaos in the q-local Sachdev-Ye-Kitaev model
at any order in 1/N ; at leading order, our upper bound on the Lyapunov exponent is within
a factor of 2 of the known result at any q > 2. We also speculate on the implications of our
theorems for conjectured holographic descriptions of quantum gravity.
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Introduction1
1.1 Operator Growth in Quantum Many-Body Systems
Consider a many-body quantum system of N  1 degrees of freedom which interact via few-body inter-
actions. How quickly is quantum information lost? It has been conjectured by Sekino and Susskind [1]
that the scrambling time ts for quantum information obeys a universal bound
ts = Ω(logN); (1)
namely, any physical quantum system cannot lose information in a time that does not grow at least
logarithmically with the number of degrees of freedom. In the literature, (1) is coined the fast scrambling
conjecture.
One formal definition for scrambling of quantum information is the time at which two halves of a
quantum many-body system, prepared in a tensor product state, become nearly maximally entangled.
With this definition, the inspiration for (1) is that quantum black holes appear to clone states [2] (which is
impossible [3, 4]) unless (1) holds. It was proved [5] that the time to generate nearly maximal entanglement
between two halves of a many-body quantum system obeys (1) whenever generic local two-point correlation
functions decay exponentially with time.
A weaker notion of “scrambling”, which is more accessible experimentally [6, 7], is the spreading of
operators from local operators into non-local operators under Heisenberg time evolution. This is an early
time manifestation of what is called “many-body quantum chaos”. One practical way of measuring opera-
tor spreading is with out-of-time-ordered correlators (OTOCs) [8]. Since infinite temperature OTOCs are
equivalent to the 2-norm of an operator commutator, generalizations [5, 9] of the Lieb-Robinson theorem
[10] have been used to rigorously bound OTOCs and scrambling. Unfortunately, these bounds are too
weak to imply (1) in many physically relevant models.
1.2 Summary of this Paper
We now present a heuristic overview of our key results and their implications. (The rest of the paper will
be mathematically precise.)
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Consider a Hamiltonian quantum many-body system with N  1 degrees of freedom, interacting via
few-body interactions. We write the Hamiltonian as
H =
∑
X
HX , (2)
where X correspond to subsets of the degrees of freedom with O(1) elements. Let Ai and Bj be local
operators acting on degrees of freedom i and j. Our goal is to bound the commutator norm ‖[Ai(t), Bj ]‖.
This object tells us what “fraction” of the time evolved operator Ai(t) acts non-trivially on the Hilbert
space of j. This was historically done following Lieb and Robinson [10], who repeatedly invoke the triangle
inequality on the Heisenberg evolved [Ai(t), Bj ] = [Ai + it[H,Ai]− 12 t2[H, [H,Ai]] + O(t3), Bj ].
As we will explain, this perspective does not give sharp bounds on operator growth. A better (though
often still imperfect) starting point, which we develop in this paper, is to consider instead the operator
Ai(t) as a vector in the real vector space of Hermitian operators [11]. We can then replace the commutator
with the projection Pj of the rotating vector Ai(t) onto a hyperplane of all operators which act on j
(Proposition 1):
‖PjAi(t)‖ ∼ sup
Bj
‖[Ai, Bj ]‖
‖Bj‖ . (3)
The advantage of this perspective is that most terms in the nested commutators of Lieb and Robinson
are immediately recognized as rotations of PjAi(t) which leave ‖PjAi(t)‖ fixed. We formalize which terms
are important and which terms are not using the factor graph structure of the Hamiltonian. Even without
knowing each HX explicitly, we still restrict how operators grow, classifying the terms in the Taylor
expanded PjAi(t) into different topological classes of operator growth. Remarkably, each topological
class is resummable, using a generalization of the interaction picture of quantum mechanics. This exact
resummation leads to a simple bound on ‖PjAi(t)‖ (Theorem 4).
The Lieb-Robinson bound [10] is a simple corollary of our bound (Corollary 8), and it is instructive
to compare our results to theirs. The key historical insight of the Lieb-Robinson bound was that
‖[Ai(t), Bj ]‖ . eλ∗(t−d(i,j)/vLR), (4)
where d(i, j) is the distance between degrees of freedom i and j, λ∗ is a quantum Lyapunov exponent
and vLR is the Lieb-Robinson velocity which bounds the spatial growth of operators. (5) suggests that
the domain in which operators have support expands out at the velocity vLR, which is readily computed
following [12]. We prove that vLR, as computed by applying the triangle inequality to nested commutators,
overestimates the speed at which this domain grows by (at least) a factor of 2 (Proposition 9). We further
show that the speed is overestimated by (at least) a factor of 4 in a one dimensional lattice model.
In many large-N quantum systems which involve all-to-all couplings between degrees of freedom, one
expects that [8]
‖[Ai(t), Bj ]‖ . 1
N
eλ∗t, (5)
where λ∗ is independent of N . If we define t∗s as the time when the commutator norm is O(1), then we
find t∗s & logN , in agreement with (1). (5) can be proven from the Lieb-Robinson bound in models where∑‖HX‖ = O(N) [5, 9] (see also Proposition 11).
However, the scaling of individual terms in the Hamiltonian is often far too large to invoke the
Lieb-Robinson bound or Theorem 4 directly: in many physical models of large-N systems,
∑‖HX‖2 =
O(N). We formally study random ensembles of Hamiltonians where it is natural to impose this scaling
of ‖HX‖. Bounding the ensemble-averaged E
[‖PjAi(t)‖2] differs from our previous bound in two ways:
(1 ) the square allows for the operator to grow in “two different ways” which need not be the same; (2 )
randomness demands that each HX show up at least twice in the nested commutators (of either side).
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The appropriate classification of operator growth, while retaining its topological character, is now more
complicated (Theorem 14).
We then study random ensembles of quantum systems on Erdo¨s-Re´nyi hypergraphs where each cou-
pling constant (on average) takes a similar value. We prove that (on average)
‖PjAi(t)‖2 . c1 e
λ∗t
N
N−1∑
g=0
g!
(
c2t
2eλ∗t
N
)g
(6)
where c1,2 and λ∗ are N -independent constants (Theorem 19). In the above formula, g corresponds to a
topological graph genus. Using (6), we can perturbatively prove (1) to any order g = O(N1−δ) with δ > 0.
Perhaps more interestingly, we also find that contributions at order g ≥ N cannot grow the commutator
any further. This truncation of the series at order g = N − 1 implies that it is absolutely convergent in
the N → ∞ limit when λ∗Lt . 1. So while we cannot formally prove the fast scrambling conjecture (1),
we also did not find an asymptotic series with zero radius of convergence, as one might expect from a
generic quantum many-body system [13].
We are also able to find an alternative bound (Theorem 23):
‖PjAi(t)‖2 . c1
N
(
eλ∗t − 1
)
+
c2
N2
(
eat
2 − 1
)
(7)
with a = O(N0). This allows us to prove that the scrambling time ts = Ω(
√
logN), almost surely on any
Erdo¨s-Re´nyi hypergraph. While not quite as strong as (1), this result shows that the scrambling time
diverges in the thermodynamic limit. We find both Theorem 19 and Theorem 23 to be of value, as the
former bound is much stronger to any finite order in the perturbative expansion, whereas the latter bound
gives a sharper non-perturbative constraint on the scrambling time.
An example of a random regular model for which Theorem 19 and Theorem 23 are non-trivial is the
q-local Sachdev-Ye-Kitaev (SYK) model [14, 15, 16]. This model is conjectured to be holographically dual
to some theory of quantum gravity in two dimensions in an asymptotically AdS2 spacetime. Applying
Theorem 19 to the SYK model, we find that our bound on the Lyapunov exponent is within a factor of
2 of the known result [17] at leading order in 1N at all values of q > 2 for which the model is chaotic.
The origin of the discrepancy will be explained. We also provide new analytic constraints on infinite
temperature OTOCs at any q and any order in 1N .
Since our bounds describe qualitatively correct physics in the SYK model, it is tempting to speculate
that our theorems may have interesting implications for theories of quantum gravity. While we cannot
say anything rigorous, we do make a few comments.
Firstly, the asymptotic nature of our bound (6) is natural in the context of diagrammatic quantum
many-body theory: the factor g! is a consequence of the O(g!) distinct graph topologies of genus g [18].
We will find that the g! in (6) also has this origin. In the more specific context of string theory, these
asymptotic series can signal the presence of non-perturbative effects – branes [19, 20]. Our results, which
are of an entirely combinatorial nature, also suggest such non-perturbative effects could be generic in any
model with sufficient spatial non-locality to be fast scramblers.
On the other hand, Theorem 23 also implies that these non-perturbative effects are always “mild”,
since even as N →∞, Cij(t)→ 0 almost surely for any finite time t = O(N0). So we expect that the true
value of ‖PjAi(t)‖2 is either resummable (albeit possibly in a non-rigorous way) or that our bound (6) is
simply weak. If, for example, we Borel resum the series (6) after multiplying each coefficient by (−1)g,
we recover the fast scrambling conjecture (1).
In the conjectured holographic duality between certain large-N quantum theories and gravity [21], the
small parameter 1N which controls (6) is proportional to Newton’s gravitational constant GN in the dual
quantum theory. GN is the coupling constant for quantum gravity, and as GN → 0, perturbation theory
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suggests that quantum fluctuations of spacetime become negligible and gravity may be treated semiclas-
sically. As our work strongly suggests that (at least for certain correlation functions) the 1N expansion
is well-behaved, even accounting for any possible non-perturbative effects, our work could then further
imply that semiclassical gravity is a sensible limit of a true, ultraviolet-complete and non-perturbative
quantum theory of gravity. While the validity of the semiclassical approximation is often assumed in the
physics literature, it would be interesting if this result follows from elementary mathematical aspects of
graph theory and q-local many-body quantum mechanics, and was not a necessary postulate in physics.
Preparatory Formalism2
2.1 Heisenberg Operator Evolution
Having informally introduced the subject of the paper, and our main results, we now precisely define
the relevant terms introduced above. Let V be a discrete set whose elements denote quantum degrees
of freedom; define |V | := N . We study many-body quantum systems whose Hilbert space H is a finite
dimensional complex vector space, expressed as a tensor product
H :=
⊗
i∈V
Hi (8)
We assume that
dim(Hi) = di = Θ(N0) (9)
for every i, and that di > 1 for every i.
We define the real inner product space B of all Hermitian operators on H, with inner product
(O1|O2) = tr(O1O2)
dim(H) . (10)
We choose an orthonormal set of traceless operators obeying tr(T ai T
b
i ) = I(a = b)di, for a, b = 1, . . . , d2i −1
for each i. Here I(· · · ) denotes the indicator function which returns 1 if its argument is true, and 0 if
false. An orthonormal basis of B may be constructed as
|T aii ) :=
N⊗
i=1
T aii (11)
for ai = 0, . . . , d
2
i −1 for each i, and T 0i = 1i the identity. We define the projection endomorphism Pi onto
all operators which act non-trivially on Hi:
Pi|T aii ) := I(ai 6= 0)|T aii ) (12)
In what follows, we will denote an operator as Oj whenever Pi|Oj) = I(i = j)|Oj). The space of all such
Oj is Bj ⊂ B. If X ⊆ {1, . . . , N}, we define an X-local operator by Pj |O) = I(j ∈ X)|O). We denote
BX ⊂ B to be the space of all X-local operators. We define a q-local operator to be a sum of Xα-local
operators, where each set Xα has at most q elements: |Xα| ≤ q. As an example, in the notation above,
Oj is j-local and more generally 1-local.
We define the Hamiltonian H ∈ B to be a Hermitian operator, and the Liouvillian L ∈ End(B) as
L|O) := |i[H,O]). (13)
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L generates a one parameter family of automorphisms on B, corresponding to time evolution:
|O(t)) := eLt|O). (14)
Note that LX and L are antisymmetric, given the inner product (10). Clearly, eLt ∈ SO(dim(B)) is an
orthogonal transformation.
Let F ⊆ ZV2 be a set of subsets of V . Consider the Hamiltonian
H :=
∑
X∈F
HX , (15)
with HX ∈ BX . We assume that each HX is nonzero, ‖HX‖ > 0; by construction, tr(HX) = 0. In this
paper, we are interested in q-local Hamiltonians, with q = O(N0). Hence if X ∈ F , |X| ≤ q. We also
define
LX |O) = |i[HX ,O]). (16)
The main object we will study in this paper is
CAiij (t) :=
√
(Ai(t)|Pj |Ai(t))
(Ai|Ai) . (17)
In what follows, we write CAiij (t) as Cij(t) for simplicity – all of the bounds on C
Ai
ij (t) developed in this
paper do not depend on the choice of Ai ∈ Bi. To interpret Cij(t), it is useful to consider |O) as analogous
to the wave function in ordinary quantum mechanics, and iL as a “Hamiltonian” on “operator space”.
The primary motivation for this analogy is that Cij(t)
2 is then the probability that a “measurement”
of Pi returns 1: in other words, Cij(t)2 represents the fraction of the growing operator |Aj(t)) that acts
non-trivially on the tensor factor Hj . Indeed, it is obvious from (17) that 0 ≤ Cij(t) ≤ 1. It is more
natural to talk about Cij(t) because, as in quantum mechanics, it is the probability amplitude that most
naturally evolves under automorphisms including time evolution eLt.
The Lieb-Robinson theorem, which also provides an upper bound on the growth of operators, is
expressed in terms of a different quantity:
Ĉij := sup
Bj∈Bj
‖[Ai(t), Bj ]‖
2‖Ai‖‖Bj‖ . (18)
In this paper, the operator norm ‖· · ·‖ is always taken to be submultiplicative; hence Ĉij(t) ≤ 1. A
particularly useful example is the 2-norm
‖A‖ =
√
tr(A†A)
dim(H) . (19)
Since Ĉij(t)
2 contains two out-of-time-ordered terms such as Ai(t)BjAi(t)Bj , Ĉij(t)
2 can (loosely) be
called an OTOC. It is these objects which are frequently studied as probes of many-body quantum chaos
and scrambling.
Proposition 1
Ĉij and Cij differ by at most an O(dj) factor:
Ĉij√
d2j − 1
≤ Cij ≤
√√√√2(1− 1
d2j
)
Ĉij . (20)
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3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi 8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKw wTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV 3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi 8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKw wTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV 3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi 8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKw wTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV 3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi 8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKw wTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV 3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit> 4<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m koMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8n FcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12 zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m koMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8n FcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12 zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m koMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8n FcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12 zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m koMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8n FcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVr1ir12 zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit>{1}
<latexit sha1_base64="28ruY+ WRRB2dkmxt+Jck73pkEYk=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei uCqJCHZZcOOygr1AE8pketIOnVyYmRRK6Ju4caGIW9/EnW/jNM1CW38Y +PjPOZwzf5AKrrTjfFuVre2d3b3qfu3g8Oj4xD4966okkww7LBGJ7AdU oeAxdjTXAvupRBoFAnvB9H5Z781QKp7ET3qeoh/RccxDzqg21tC2PRFI ypC4nixgaNedhlOIbIJbQh1KtYf2lzdKWBZhrJmgSg1cJ9V+TqXmTOCi 5mUKU8qmdIwDgzGNUPl5cfmCXBlnRMJEmhdrUri/J3IaKTWPAtMZUT1R 67Wl+V9tkOmw6ec8TjONMVstCjNBdEKWMZARl8i0mBugTHJzK2ETagLQ JqyaCcFd//ImdG8artNwH2/rrWYZRxUu4BKuwYU7aMEDtKEDDGbwDK/w ZuXWi/VufaxaK1Y5cw5/ZH3+AOTykyI=</latexit><latexit sha1_base64="28ruY+ WRRB2dkmxt+Jck73pkEYk=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei uCqJCHZZcOOygr1AE8pketIOnVyYmRRK6Ju4caGIW9/EnW/jNM1CW38Y +PjPOZwzf5AKrrTjfFuVre2d3b3qfu3g8Oj4xD4966okkww7LBGJ7AdU oeAxdjTXAvupRBoFAnvB9H5Z781QKp7ET3qeoh/RccxDzqg21tC2PRFI ypC4nixgaNedhlOIbIJbQh1KtYf2lzdKWBZhrJmgSg1cJ9V+TqXmTOCi 5mUKU8qmdIwDgzGNUPl5cfmCXBlnRMJEmhdrUri/J3IaKTWPAtMZUT1R 67Wl+V9tkOmw6ec8TjONMVstCjNBdEKWMZARl8i0mBugTHJzK2ETagLQ JqyaCcFd//ImdG8artNwH2/rrWYZRxUu4BKuwYU7aMEDtKEDDGbwDK/w ZuXWi/VufaxaK1Y5cw5/ZH3+AOTykyI=</latexit><latexit sha1_base64="28ruY+ WRRB2dkmxt+Jck73pkEYk=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei uCqJCHZZcOOygr1AE8pketIOnVyYmRRK6Ju4caGIW9/EnW/jNM1CW38Y +PjPOZwzf5AKrrTjfFuVre2d3b3qfu3g8Oj4xD4966okkww7LBGJ7AdU oeAxdjTXAvupRBoFAnvB9H5Z781QKp7ET3qeoh/RccxDzqg21tC2PRFI ypC4nixgaNedhlOIbIJbQh1KtYf2lzdKWBZhrJmgSg1cJ9V+TqXmTOCi 5mUKU8qmdIwDgzGNUPl5cfmCXBlnRMJEmhdrUri/J3IaKTWPAtMZUT1R 67Wl+V9tkOmw6ec8TjONMVstCjNBdEKWMZARl8i0mBugTHJzK2ETagLQ JqyaCcFd//ImdG8artNwH2/rrWYZRxUu4BKuwYU7aMEDtKEDDGbwDK/w ZuXWi/VufaxaK1Y5cw5/ZH3+AOTykyI=</latexit><latexit sha1_base64="28ruY+ WRRB2dkmxt+Jck73pkEYk=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei uCqJCHZZcOOygr1AE8pketIOnVyYmRRK6Ju4caGIW9/EnW/jNM1CW38Y +PjPOZwzf5AKrrTjfFuVre2d3b3qfu3g8Oj4xD4966okkww7LBGJ7AdU oeAxdjTXAvupRBoFAnvB9H5Z781QKp7ET3qeoh/RccxDzqg21tC2PRFI ypC4nixgaNedhlOIbIJbQh1KtYf2lzdKWBZhrJmgSg1cJ9V+TqXmTOCi 5mUKU8qmdIwDgzGNUPl5cfmCXBlnRMJEmhdrUri/J3IaKTWPAtMZUT1R 67Wl+V9tkOmw6ec8TjONMVstCjNBdEKWMZARl8i0mBugTHJzK2ETagLQ JqyaCcFd//ImdG8artNwH2/rrWYZRxUu4BKuwYU7aMEDtKEDDGbwDK/w ZuXWi/VufaxaK1Y5cw5/ZH3+AOTykyI=</latexit>
{1, 2}
<latexit sha1_base64="+WBcT8f82F3BBmL8BOnFvbJVAqk=">AAAB +3icbZDLSsNAFIZPvNZ6i3XpZrAILqQkRbDLghuXFewFmlAm09N26OTCzEQsoa/ixoUibn0Rd76N0zQLbf1h4OM/53DO/EEiuNKO821tbG5t7+yW 9sr7B4dHx/ZJpaPiVDJss1jEshdQhYJH2NZcC+wlEmkYCOwG09tFvfuIUvE4etCzBP2QjiM+4oxqYw3siicCSRkS96ruyRwHdtWpObnIOrgFVKFQ a2B/ecOYpSFGmgmqVN91Eu1nVGrOBM7LXqowoWxKx9g3GNEQlZ/lt8/JhXGGZBRL8yJNcvf3REZDpWZhYDpDqidqtbYw/6v1Uz1q+BmPklRjxJaL RqkgOiaLIMiQS2RazAxQJrm5lbAJNQFoE1fZhOCufnkdOvWa69Tc++tqs1HEUYIzOIdLcOEGmnAHLWgDgyd4hld4s+bWi/VufSxbN6xi5hT+yPr8 Acank5Q=</latexit><latexit sha1_base64="+WBcT8f82F3BBmL8BOnFvbJVAqk=">AAAB +3icbZDLSsNAFIZPvNZ6i3XpZrAILqQkRbDLghuXFewFmlAm09N26OTCzEQsoa/ixoUibn0Rd76N0zQLbf1h4OM/53DO/EEiuNKO821tbG5t7+yW 9sr7B4dHx/ZJpaPiVDJss1jEshdQhYJH2NZcC+wlEmkYCOwG09tFvfuIUvE4etCzBP2QjiM+4oxqYw3siicCSRkS96ruyRwHdtWpObnIOrgFVKFQ a2B/ecOYpSFGmgmqVN91Eu1nVGrOBM7LXqowoWxKx9g3GNEQlZ/lt8/JhXGGZBRL8yJNcvf3REZDpWZhYDpDqidqtbYw/6v1Uz1q+BmPklRjxJaL RqkgOiaLIMiQS2RazAxQJrm5lbAJNQFoE1fZhOCufnkdOvWa69Tc++tqs1HEUYIzOIdLcOEGmnAHLWgDgyd4hld4s+bWi/VufSxbN6xi5hT+yPr8 Acank5Q=</latexit><latexit sha1_base64="+WBcT8f82F3BBmL8BOnFvbJVAqk=">AAAB +3icbZDLSsNAFIZPvNZ6i3XpZrAILqQkRbDLghuXFewFmlAm09N26OTCzEQsoa/ixoUibn0Rd76N0zQLbf1h4OM/53DO/EEiuNKO821tbG5t7+yW 9sr7B4dHx/ZJpaPiVDJss1jEshdQhYJH2NZcC+wlEmkYCOwG09tFvfuIUvE4etCzBP2QjiM+4oxqYw3siicCSRkS96ruyRwHdtWpObnIOrgFVKFQ a2B/ecOYpSFGmgmqVN91Eu1nVGrOBM7LXqowoWxKx9g3GNEQlZ/lt8/JhXGGZBRL8yJNcvf3REZDpWZhYDpDqidqtbYw/6v1Uz1q+BmPklRjxJaL RqkgOiaLIMiQS2RazAxQJrm5lbAJNQFoE1fZhOCufnkdOvWa69Tc++tqs1HEUYIzOIdLcOEGmnAHLWgDgyd4hld4s+bWi/VufSxbN6xi5hT+yPr8 Acank5Q=</latexit><latexit sha1_base64="+WBcT8f82F3BBmL8BOnFvbJVAqk=">AAAB +3icbZDLSsNAFIZPvNZ6i3XpZrAILqQkRbDLghuXFewFmlAm09N26OTCzEQsoa/ixoUibn0Rd76N0zQLbf1h4OM/53DO/EEiuNKO821tbG5t7+yW 9sr7B4dHx/ZJpaPiVDJss1jEshdQhYJH2NZcC+wlEmkYCOwG09tFvfuIUvE4etCzBP2QjiM+4oxqYw3siicCSRkS96ruyRwHdtWpObnIOrgFVKFQ a2B/ecOYpSFGmgmqVN91Eu1nVGrOBM7LXqowoWxKx9g3GNEQlZ/lt8/JhXGGZBRL8yJNcvf3REZDpWZhYDpDqidqtbYw/6v1Uz1q+BmPklRjxJaL RqkgOiaLIMiQS2RazAxQJrm5lbAJNQFoE1fZhOCufnkdOvWa69Tc++tqs1HEUYIzOIdLcOEGmnAHLWgDgyd4hld4s+bWi/VufSxbN6xi5hT+yPr8 Acank5Q=</latexit>
{1, 3}
<latexit sha1_base64="A66Bpf3Tc1j6Y6nEo+/eleHZvyI=">AAAB +3icbZBNS8NAEIYn9avWr1iPXhaL4EFKooI9Frx4rGBroQlls520Szcf7G7EUvpXvHhQxKt/xJv/xm2ag7a+sPDwzgwz+wap4Eo7zrdVWlvf2Nwq b1d2dvf2D+zDakclmWTYZolIZDegCgWPsa25FthNJdIoEPgQjG/m9YdHlIon8b2epOhHdBjzkDOqjdW3q54IJGVI3PNLT+bYt2tO3clFVsEtoAaF Wn37yxskLIsw1kxQpXquk2p/SqXmTOCs4mUKU8rGdIg9gzGNUPnT/PYZOTXOgISJNC/WJHd/T0xppNQkCkxnRPVILdfm5n+1XqbDhj/lcZppjNli UZgJohMyD4IMuESmxcQAZZKbWwkbUROANnFVTAju8pdXoXNRd526e3dVazaKOMpwDCdwBi5cQxNuoQVtYPAEz/AKb9bMerHerY9Fa8kqZo7gj6zP H8gyk5U=</latexit><latexit sha1_base64="A66Bpf3Tc1j6Y6nEo+/eleHZvyI=">AAAB +3icbZBNS8NAEIYn9avWr1iPXhaL4EFKooI9Frx4rGBroQlls520Szcf7G7EUvpXvHhQxKt/xJv/xm2ag7a+sPDwzgwz+wap4Eo7zrdVWlvf2Nwq b1d2dvf2D+zDakclmWTYZolIZDegCgWPsa25FthNJdIoEPgQjG/m9YdHlIon8b2epOhHdBjzkDOqjdW3q54IJGVI3PNLT+bYt2tO3clFVsEtoAaF Wn37yxskLIsw1kxQpXquk2p/SqXmTOCs4mUKU8rGdIg9gzGNUPnT/PYZOTXOgISJNC/WJHd/T0xppNQkCkxnRPVILdfm5n+1XqbDhj/lcZppjNli UZgJohMyD4IMuESmxcQAZZKbWwkbUROANnFVTAju8pdXoXNRd526e3dVazaKOMpwDCdwBi5cQxNuoQVtYPAEz/AKb9bMerHerY9Fa8kqZo7gj6zP H8gyk5U=</latexit><latexit sha1_base64="A66Bpf3Tc1j6Y6nEo+/eleHZvyI=">AAAB +3icbZBNS8NAEIYn9avWr1iPXhaL4EFKooI9Frx4rGBroQlls520Szcf7G7EUvpXvHhQxKt/xJv/xm2ag7a+sPDwzgwz+wap4Eo7zrdVWlvf2Nwq b1d2dvf2D+zDakclmWTYZolIZDegCgWPsa25FthNJdIoEPgQjG/m9YdHlIon8b2epOhHdBjzkDOqjdW3q54IJGVI3PNLT+bYt2tO3clFVsEtoAaF Wn37yxskLIsw1kxQpXquk2p/SqXmTOCs4mUKU8rGdIg9gzGNUPnT/PYZOTXOgISJNC/WJHd/T0xppNQkCkxnRPVILdfm5n+1XqbDhj/lcZppjNli UZgJohMyD4IMuESmxcQAZZKbWwkbUROANnFVTAju8pdXoXNRd526e3dVazaKOMpwDCdwBi5cQxNuoQVtYPAEz/AKb9bMerHerY9Fa8kqZo7gj6zP H8gyk5U=</latexit><latexit sha1_base64="A66Bpf3Tc1j6Y6nEo+/eleHZvyI=">AAAB +3icbZBNS8NAEIYn9avWr1iPXhaL4EFKooI9Frx4rGBroQlls520Szcf7G7EUvpXvHhQxKt/xJv/xm2ag7a+sPDwzgwz+wap4Eo7zrdVWlvf2Nwq b1d2dvf2D+zDakclmWTYZolIZDegCgWPsa25FthNJdIoEPgQjG/m9YdHlIon8b2epOhHdBjzkDOqjdW3q54IJGVI3PNLT+bYt2tO3clFVsEtoAaF Wn37yxskLIsw1kxQpXquk2p/SqXmTOCs4mUKU8rGdIg9gzGNUPnT/PYZOTXOgISJNC/WJHd/T0xppNQkCkxnRPVILdfm5n+1XqbDhj/lcZppjNli UZgJohMyD4IMuESmxcQAZZKbWwkbUROANnFVTAju8pdXoXNRd526e3dVazaKOMpwDCdwBi5cQxNuoQVtYPAEz/AKb9bMerHerY9Fa8kqZo7gj6zP H8gyk5U=</latexit>
{3, 4}
<latexit sha1_base64="mle4PP9kE7ob1A8vwajQKbhw59w=">AAAB +3icbZDLSsNAFIYn9VbrLdalm8EiuJCSaMEuC25cVrAXaEKZTE/aoZNJmJmIJfRV3LhQxK0v4s63cZpmoa0/DHz85xzOmT9IOFPacb6t0sbm1vZO ebeyt39weGQfV7sqTiWFDo15LPsBUcCZgI5mmkM/kUCigEMvmN4u6r1HkIrF4kHPEvAjMhYsZJRoYw3tqscDSSjg68uGJ3Mc2jWn7uTC6+AWUEOF 2kP7yxvFNI1AaMqJUgPXSbSfEakZ5TCveKmChNApGcPAoCARKD/Lb5/jc+OMcBhL84TGuft7IiORUrMoMJ0R0RO1WluY/9UGqQ6bfsZEkmoQdLko TDnWMV4EgUdMAtV8ZoBQycytmE6ICUCbuComBHf1y+vQvaq7Tt29b9RazSKOMjpFZ+gCuegGtdAdaqMOougJPaNX9GbNrRfr3fpYtpasYuYE/ZH1 +QPM15OY</latexit><latexit sha1_base64="mle4PP9kE7ob1A8vwajQKbhw59w=">AAAB +3icbZDLSsNAFIYn9VbrLdalm8EiuJCSaMEuC25cVrAXaEKZTE/aoZNJmJmIJfRV3LhQxK0v4s63cZpmoa0/DHz85xzOmT9IOFPacb6t0sbm1vZO ebeyt39weGQfV7sqTiWFDo15LPsBUcCZgI5mmkM/kUCigEMvmN4u6r1HkIrF4kHPEvAjMhYsZJRoYw3tqscDSSjg68uGJ3Mc2jWn7uTC6+AWUEOF 2kP7yxvFNI1AaMqJUgPXSbSfEakZ5TCveKmChNApGcPAoCARKD/Lb5/jc+OMcBhL84TGuft7IiORUrMoMJ0R0RO1WluY/9UGqQ6bfsZEkmoQdLko TDnWMV4EgUdMAtV8ZoBQycytmE6ICUCbuComBHf1y+vQvaq7Tt29b9RazSKOMjpFZ+gCuegGtdAdaqMOougJPaNX9GbNrRfr3fpYtpasYuYE/ZH1 +QPM15OY</latexit><latexit sha1_base64="mle4PP9kE7ob1A8vwajQKbhw59w=">AAAB +3icbZDLSsNAFIYn9VbrLdalm8EiuJCSaMEuC25cVrAXaEKZTE/aoZNJmJmIJfRV3LhQxK0v4s63cZpmoa0/DHz85xzOmT9IOFPacb6t0sbm1vZO ebeyt39weGQfV7sqTiWFDo15LPsBUcCZgI5mmkM/kUCigEMvmN4u6r1HkIrF4kHPEvAjMhYsZJRoYw3tqscDSSjg68uGJ3Mc2jWn7uTC6+AWUEOF 2kP7yxvFNI1AaMqJUgPXSbSfEakZ5TCveKmChNApGcPAoCARKD/Lb5/jc+OMcBhL84TGuft7IiORUrMoMJ0R0RO1WluY/9UGqQ6bfsZEkmoQdLko TDnWMV4EgUdMAtV8ZoBQycytmE6ICUCbuComBHf1y+vQvaq7Tt29b9RazSKOMjpFZ+gCuegGtdAdaqMOougJPaNX9GbNrRfr3fpYtpasYuYE/ZH1 +QPM15OY</latexit><latexit sha1_base64="mle4PP9kE7ob1A8vwajQKbhw59w=">AAAB +3icbZDLSsNAFIYn9VbrLdalm8EiuJCSaMEuC25cVrAXaEKZTE/aoZNJmJmIJfRV3LhQxK0v4s63cZpmoa0/DHz85xzOmT9IOFPacb6t0sbm1vZO ebeyt39weGQfV7sqTiWFDo15LPsBUcCZgI5mmkM/kUCigEMvmN4u6r1HkIrF4kHPEvAjMhYsZJRoYw3tqscDSSjg68uGJ3Mc2jWn7uTC6+AWUEOF 2kP7yxvFNI1AaMqJUgPXSbSfEakZ5TCveKmChNApGcPAoCARKD/Lb5/jc+OMcBhL84TGuft7IiORUrMoMJ0R0RO1WluY/9UGqQ6bfsZEkmoQdLko TDnWMV4EgUdMAtV8ZoBQycytmE6ICUCbuComBHf1y+vQvaq7Tt29b9RazSKOMjpFZ+gCuegGtdAdaqMOougJPaNX9GbNrRfr3fpYtpasYuYE/ZH1 +QPM15OY</latexit>
{2, 3, 4}
<latexit sha1_base64="096fXIzqkXx3XQnN7J+lLDQU4C0=">AAAB /XicbVDLSsNAFJ34rPUVHzs3g0VwUUpSC3ZZcOOygn1AE8pketsOnUzCzESoofgrblwo4tb/cOffOE2z0NYDF86ccy9z7wlizpR2nG9rbX1jc2u7 sFPc3ds/OLSPjtsqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNzM/c4DSMUica+nMfghGQk2ZJRoI/XtU48HklDA1fJVuebJ7NG3S07FyYBXiZuT EsrR7Ntf3iCiSQhCU06U6rlOrP2USM0oh1nRSxTEhE7ICHqGChKC8tNs+xm+MMoADyNpSmicqb8nUhIqNQ0D0xkSPVbL3lz8z+slelj3UybiRIOg i4+GCcc6wvMo8IBJoJpPDSFUMrMrpmNiAtAmsKIJwV0+eZW0qxXXqbh3tVKjnsdRQGfoHF0iF12jBrpFTdRCFD2iZ/SK3qwn68V6tz4WrWtWPnOC /sD6/AGvUpQK</latexit><latexit sha1_base64="096fXIzqkXx3XQnN7J+lLDQU4C0=">AAAB /XicbVDLSsNAFJ34rPUVHzs3g0VwUUpSC3ZZcOOygn1AE8pketsOnUzCzESoofgrblwo4tb/cOffOE2z0NYDF86ccy9z7wlizpR2nG9rbX1jc2u7 sFPc3ds/OLSPjtsqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNzM/c4DSMUica+nMfghGQk2ZJRoI/XtU48HklDA1fJVuebJ7NG3S07FyYBXiZuT EsrR7Ntf3iCiSQhCU06U6rlOrP2USM0oh1nRSxTEhE7ICHqGChKC8tNs+xm+MMoADyNpSmicqb8nUhIqNQ0D0xkSPVbL3lz8z+slelj3UybiRIOg i4+GCcc6wvMo8IBJoJpPDSFUMrMrpmNiAtAmsKIJwV0+eZW0qxXXqbh3tVKjnsdRQGfoHF0iF12jBrpFTdRCFD2iZ/SK3qwn68V6tz4WrWtWPnOC /sD6/AGvUpQK</latexit><latexit sha1_base64="096fXIzqkXx3XQnN7J+lLDQU4C0=">AAAB /XicbVDLSsNAFJ34rPUVHzs3g0VwUUpSC3ZZcOOygn1AE8pketsOnUzCzESoofgrblwo4tb/cOffOE2z0NYDF86ccy9z7wlizpR2nG9rbX1jc2u7 sFPc3ds/OLSPjtsqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNzM/c4DSMUica+nMfghGQk2ZJRoI/XtU48HklDA1fJVuebJ7NG3S07FyYBXiZuT EsrR7Ntf3iCiSQhCU06U6rlOrP2USM0oh1nRSxTEhE7ICHqGChKC8tNs+xm+MMoADyNpSmicqb8nUhIqNQ0D0xkSPVbL3lz8z+slelj3UybiRIOg i4+GCcc6wvMo8IBJoJpPDSFUMrMrpmNiAtAmsKIJwV0+eZW0qxXXqbh3tVKjnsdRQGfoHF0iF12jBrpFTdRCFD2iZ/SK3qwn68V6tz4WrWtWPnOC /sD6/AGvUpQK</latexit><latexit sha1_base64="096fXIzqkXx3XQnN7J+lLDQU4C0=">AAAB /XicbVDLSsNAFJ34rPUVHzs3g0VwUUpSC3ZZcOOygn1AE8pketsOnUzCzESoofgrblwo4tb/cOffOE2z0NYDF86ccy9z7wlizpR2nG9rbX1jc2u7 sFPc3ds/OLSPjtsqSiSFFo14JLsBUcCZgJZmmkM3lkDCgEMnmNzM/c4DSMUica+nMfghGQk2ZJRoI/XtU48HklDA1fJVuebJ7NG3S07FyYBXiZuT EsrR7Ntf3iCiSQhCU06U6rlOrP2USM0oh1nRSxTEhE7ICHqGChKC8tNs+xm+MMoADyNpSmicqb8nUhIqNQ0D0xkSPVbL3lz8z+slelj3UybiRIOg i4+GCcc6wvMo8IBJoJpPDSFUMrMrpmNiAtAmsKIJwV0+eZW0qxXXqbh3tVKjnsdRQGfoHF0iF12jBrpFTdRCFD2iZ/SK3qwn68V6tz4WrWtWPnOC /sD6/AGvUpQK</latexit>
H = Y1 +X1X2 + Y1Y3 + Z2Z3Z4 +X3X4   2X3Z4
<latexit sha1_base64="ebu1/i egB547IIc85M5QFzv2RQc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAI wmCZaQt2IxTcdFnBttPLEDJppg3NXEgyQhn6Gm58FTcuFHGpK9/G9LLQ 1h8CH/85h5PzezFnUlnWt5HZ2Nza3snu5vb2Dw6P8scnLRklgtAmiXgk HA9LyllIm4opTp1YUBx4nLa98e2s3n6gQrIovFeTmLoBHobMZwQrbaG8 Vb/pINt0kO2gkqmxg8pmF5W6qNxFFWhCB5UdDVew5MwtlC9YRWsuuA72 EgpgqQbKf/YHEUkCGirCsZQ924qVm2KhGOF0musnksaYjPGQ9jSGOKDS TeeXTeGFdgbQj4R+oYJz9/dEigMpJ4GnOwOsRnK1NjP/q/US5VfdlIVx omhIFov8hEMVwVlMcMAEJYpPNGAimP4rJCMsMFE6zJwOwV49eR1apaJt Fe27SqFWXcaRBWfgHFwCG1yDGqiDBmgCAh7BM3gFb8aT8WK8Gx+L1oyx nDkFf2R8/QB8HZuP</latexit><latexit sha1_base64="ebu1/i egB547IIc85M5QFzv2RQc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAI wmCZaQt2IxTcdFnBttPLEDJppg3NXEgyQhn6Gm58FTcuFHGpK9/G9LLQ 1h8CH/85h5PzezFnUlnWt5HZ2Nza3snu5vb2Dw6P8scnLRklgtAmiXgk HA9LyllIm4opTp1YUBx4nLa98e2s3n6gQrIovFeTmLoBHobMZwQrbaG8 Vb/pINt0kO2gkqmxg8pmF5W6qNxFFWhCB5UdDVew5MwtlC9YRWsuuA72 EgpgqQbKf/YHEUkCGirCsZQ924qVm2KhGOF0musnksaYjPGQ9jSGOKDS TeeXTeGFdgbQj4R+oYJz9/dEigMpJ4GnOwOsRnK1NjP/q/US5VfdlIVx omhIFov8hEMVwVlMcMAEJYpPNGAimP4rJCMsMFE6zJwOwV49eR1apaJt Fe27SqFWXcaRBWfgHFwCG1yDGqiDBmgCAh7BM3gFb8aT8WK8Gx+L1oyx nDkFf2R8/QB8HZuP</latexit><latexit sha1_base64="ebu1/i egB547IIc85M5QFzv2RQc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAI wmCZaQt2IxTcdFnBttPLEDJppg3NXEgyQhn6Gm58FTcuFHGpK9/G9LLQ 1h8CH/85h5PzezFnUlnWt5HZ2Nza3snu5vb2Dw6P8scnLRklgtAmiXgk HA9LyllIm4opTp1YUBx4nLa98e2s3n6gQrIovFeTmLoBHobMZwQrbaG8 Vb/pINt0kO2gkqmxg8pmF5W6qNxFFWhCB5UdDVew5MwtlC9YRWsuuA72 EgpgqQbKf/YHEUkCGirCsZQ924qVm2KhGOF0musnksaYjPGQ9jSGOKDS TeeXTeGFdgbQj4R+oYJz9/dEigMpJ4GnOwOsRnK1NjP/q/US5VfdlIVx omhIFov8hEMVwVlMcMAEJYpPNGAimP4rJCMsMFE6zJwOwV49eR1apaJt Fe27SqFWXcaRBWfgHFwCG1yDGqiDBmgCAh7BM3gFb8aT8WK8Gx+L1oyx nDkFf2R8/QB8HZuP</latexit><latexit sha1_base64="ebu1/i egB547IIc85M5QFzv2RQc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAI wmCZaQt2IxTcdFnBttPLEDJppg3NXEgyQhn6Gm58FTcuFHGpK9/G9LLQ 1h8CH/85h5PzezFnUlnWt5HZ2Nza3snu5vb2Dw6P8scnLRklgtAmiXgk HA9LyllIm4opTp1YUBx4nLa98e2s3n6gQrIovFeTmLoBHobMZwQrbaG8 Vb/pINt0kO2gkqmxg8pmF5W6qNxFFWhCB5UdDVew5MwtlC9YRWsuuA72 EgpgqQbKf/YHEUkCGirCsZQ924qVm2KhGOF0musnksaYjPGQ9jSGOKDS TeeXTeGFdgbQj4R+oYJz9/dEigMpJ4GnOwOsRnK1NjP/q/US5VfdlIVx omhIFov8hEMVwVlMcMAEJYpPNGAimP4rJCMsMFE6zJwOwV49eR1apaJt Fe27SqFWXcaRBWfgHFwCG1yDGqiDBmgCAh7BM3gFb8aT8WK8Gx+L1oyx nDkFf2R8/QB8HZuP</latexit>
Figure 1: A factor graph G = (V, F,E) for the Hamiltonian printed above. Throughout this pa-
per we will denote elements of V as light blue circles, elements of F as light red squares/rectangles
and elements of E as solid black lines.
Proof. Consider arbitrary O ∈ B. Note that [22]
(O|Pj |O) = 1
2d2j
d2j−1∑
a=1
‖[O, T aj ]‖2 ≤
d2j − 1
2d2j
(
sup
Bj∈Bj
‖[O, Bj ]‖
‖Bj‖
)2
. (21)
Let O = Ai(t) for any Ai ∈ Bi. Taking the square root and supremum over Ai over both sides of (21),
and using definitions (17) and (18), gives us the second inequality in (20). To obtain the first inequality,
let
arg sup
Bj∈Bj :‖Bj‖=1
‖[O, Bj ]‖ :=
d2i−1∑
a=1
xaT aj . (22)
The constraint ‖Bj‖ = 1 implies that
d2j−1∑
a=1
|xa| ≤
√
d2j − 1. (23)
Combining this inequality with the triangle inequality for ‖[O, Bi]‖, we find
‖[O, Bj ]‖ = ‖[PjO, Bj ]‖ ≤
d2j−1∑
a=1
|xa|‖[PjO, T aj ]‖ ≤ 2
√
(d2j − 1)‖PjO‖ (24)
Letting O = Ai(t) we obtain the first inequality in (20).
2.2 (Factor) Graph Theory
We will find it useful to organize the information about HX into a factor graph G = (V, F,E): see Figure 1.
The node set V and factor set F have already been defined above; the edge set E ⊆ V × F is defined as
E = {(i,X) : i ∈ X and X ∈ F}. (25)
While factor graphs were introduced in the study of classical coding theory [23], they are natural for
studying q-local quantum systems as well [5]. We will often abuse the shorthand notation i ∈ G or X ∈ G
to mean i ∈ V or X ∈ F respectively, whenever the intent is clear from context. The boundary operation
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∂ : V → F is defined as ∂v := {X ∈ F : (v,X) ∈ E}; similarly, ∂ : F → V is defined by ∂X := {v ∈
V : (v,X) ∈ E}. We may write ∂V or ∂F if it is important to emphasize which definition is being used.
The boundary of a set is the union of the boundary of subsets: e.g. ∂V {i1, . . . , in} = ∂V i1 ∪ · · · ∪ ∂V in.1
The degree of a node or factor degG : V ∪ F → Z+ is defined as degG(v) = |∂v|. We define the distance
function dG : V ∪ F × V ∪ F → Z+ as follows:
dG(a, b) = min
[|E′| : (V ′, F ′, E′) ⊆ G is connected, and {a, b} ⊆ V ′ ∪ F ′] (26)
i.e. it is the number of edges one traverses on the factor graph G to get from a to b; note that a and b can
be either nodes or factors. We assume that G is connected, so dG(a, b) ≤ 2(N − 1). When the context is
clear, we will usually drop the subscript from dG.
Non-Random Systems3
We now introduce a formalism suitable for studying operator growth in general Hamiltonian systems,
especially those on factor graphs of low degree. We begin by writing (for j 6= i)
PjeLt|Oi) = Pj exp
[∑
X∈F
LXt
]
|Oi) = Pj
∞∑
n=1
tn
n!
∑
X1,X2,Xn∈F
LXn · · · LX1 |Oi). (27)
Not every sequence above is interesting. In particular, we note the following three identities, which follow
immediately from the definitions in Section 2:
LX |Oi) = 0 if i /∈ X, (28a)
[Pj ,LX ] = 0 if and only if j /∈ X, (28b)
[LX ,LY ] = 0 if X ∩ Y = ∅. (28c)
The purpose of the next subsection is to use these simple identities to organize sequences in (27). We
emphasize that the main result of this section, Theorem 4, follows from (27) and (28) – no further
information about the Hamiltonian is needed.
3.1 Causal Trees
Our first goal is to develop a topological classification for sequences of Liouvillians acting on operators
LXn · · · LX1 |Oi). For convenience, we write this ordered sequence using only the graph theoretic informa-
tion: M := (i,X1, . . . , Xn).
Using (28c), it is clear that some ordered sequences are very similar and will lead to the same operator:
ifM contains two factors Xk and Xk+1 with Xk ∩Xk+1 = ∅, we should not care which came first. Rather
than keeping track of the entire sequence M, we will only keep track of pairs of couplings which must
occur in a specific order.
Given a sequence M, we define an ordered sequence of causal forests T0, . . . , Tn. Each Tk can be
thought of as an undirected graph on the vertex set {i} ∪ F . We recursively construct Tn as follows:
I T0 = {i}
I Given Tn−1, we construct Tn as follows:
I If there is an integer 1 ≤ k < n with Xk = Xn, Tn = Tn−1;
1This is because a factor graph is “bipartite” when interpreted as an ordinary graph.
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Figure 2: The causal tree consists of all blue paths. The irreducible path is solid blue, and the
rest of the causal tree is dashed blue. Blue Ls are part of the irreducible path.
I else if i ∈ Xn, Tn = Tn−1 ∪ (Xn, (i,Xn));
I else if 1 ≤ k < n is the smallest value of k such that Xk ∩Xn 6= ∅, Tn = Tn−1 ∪ (Xn, (Xk, Xn));
I else Tn = Tn−1 ∪ (Xn, ∅).
We say that Tk is a causal tree if it is simply connected: namely, it has a single connected component. If
a sequence has n elements, we denote the final causal tree Tn as T (M).
Proposition 2
LXn · · · LX1 |Oi) = 0 if T ((i,X1, . . . , Xn)) is not a causal tree.
Proof. This follows immediately from (28a) and (28c).
Intuitively, the causal tree stores information about which factors inM are the first to grow |Oi) into
a larger operator (acting on a larger subset of V ). We say that if T (M) is simply connected, the sequence
M exhibits creeping order and that LXn · · · LX1 is creeping.
It is often helpful to “embed” causal trees T (M) as subtrees of the Hamilonian’s factor graph G =
(V, F,E). To do this is straightforward: since two connected factors in T (M) can only be connected by
an edge if they share a node in common, we embed T (M) such that if edge (X1, X2) ∈ T (M), we choose
a vertex v ∈ X1 ∩X2 and add connect X1 and X2 to v. Slightly abusing notation, we will often refer to
this subgraph of G as the causal tree T (M). Figure 2 shows a sequence M together with its causal tree
as a subtree in the factor graph.
An important subtlety when thinking of causal trees as subtrees of G is that they need not be unique
if the Hamiltonian is q-local with q > 2. A simple example of a non-unique T (M) ⊆ G is shown in Figure
3. We say that any two causal trees which arise from the same sequence M are indistinguishable: they
have the same causal tree of factors alone, and their only difference is the specific embedding into the full
factor graph. In our formalism, indistinguishable causal trees will always be treated as identical.
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<latexit sha1_base64="bGronyvkxiOrftIdMcD lRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW 4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuu e5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeas IbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVy CB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcD lRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW 4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuu e5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeas IbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVy CB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcD lRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW 4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuu e5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeas IbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVy CB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcD lRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW 4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuu e5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeas IbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVy CB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>
3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7M xOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kz X/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H 4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxo WxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgO ukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935 WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7M xOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kz X/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H 4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxo WxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgO ukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935 WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7M xOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kz X/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H 4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxo WxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgO ukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935 WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7M xOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kz X/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H 4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxo WxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgO ukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935 WLQWnHzmGP7A+fwBfaWMtw==</latexit>
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<latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit><latexit sha1_base64="bERoMPi7jsjoiO8mzWJ5ledolrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSvqp6btVr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfymMuA==</latexit>
1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZ UUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZ UUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZ UUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZ UUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69L BbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1F ipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2 poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>
3
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Figure 3: Top/shaded: the causal tree as a unique tree of factors, together with nodes i and
j. Bottom: two indistinguishable causal trees on the full factor graph. Our formalism treats
indistinguishable causal trees as equal.
Proposition 3
If i 6= j and PjLXn · · · LX1 |Oi) 6= 0, then there exists a unique irreducible path from i to j in the
causal tree T ((i,X1, . . . , Xn)).
Proof. Using (28b), PjLXn · · · LX1 |Oi) = LXn · · · LX1Pj |Oi) = 0 if j /∈ X1 ∪ · · · ∪Xn. We conclude that
j ∈ T (M)∩V .2. That there is a unique irreducible path from i to j in a simply connected graph containing
both i and j is an elementary result from graph theory [24].
Let Γ ⊆ T (M) be the irreducible path (ordered set) of factors obtained from Proposition 3. We define
the equivalence relation ∼ji on causal trees as follows: if T1,2 are causal trees with {i, j} ⊆ V ∩ T1,2, then
T1 ∼ji T2 if and only if they share the same irreducible path of factors. The uniqueness of irreducible
path means this equivalence relation is well-defined. We define Tji as the set of all (distinguishable) causal
trees containing i and j, and Sji = Tji/ ∼ji to be the set of irreducible paths from i to j. Alternatively,
Sji is the set of equivalence classes of causal tree. We write Γ ∈ Sji to mean the sequence of factors Γ on
the irreducible path. We define the length `(Γ ) as the number of factors in Γ , and XΓk for 1 ≤ k ≤ `(Γ )
to be the kth factor in the path Γ .3 We refer to the equivalence relation ∼ji as topological because (up to
indistinguishability) Γ1 ∼ji Γ2 if and only if Γ1 and Γ2 are homotopic paths between i and j in the factor
graph.
3.2 Bounds from Irreducible Paths
We begin with our first main result: a theorem relating Cij(t) to a combinatorial problem on the factor
graph G = (V, F,E).
2This notation will be used frequently in this paper to denote that j is a vertex, and lies in a certain graph – in this case,
the causal tree T (M). Also note that here we are explicitly thinking of the causal tree as a subgraph of the full factor graph.
3When thinking of Γ as a line subgraph of the factor graph G, XΓk ∈ Γ is the unique factor obeying dG(i,XΓk ) = 2k − 1.
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Theorem 4
If H is a Hamiltonian on factor graph G = (V, F,E), {i, j} ⊆ V and i 6= j,
Cij(t) ≤
∑
[Γ ]∈Sji
(2|t|)`(Γ )
`(Γ )!
∏
X∈Γ
‖HX‖. (29)
Proof. The strategy of proof here is as follows. (1 ) We show that Cij(t) is given by summing over
all creeping sequences, and organize this sum by topological class (Lemma 5). (2 ) Next, we prove a
generalized Schwinger-Karplus identity to exponentiate the Liouvillians which contribute reducibly to
each topological class (Lemma 6). (3 ) Combining these two lemmas, we prove that the reducible terms
in each creeping sequence never grow ‖Pj |Ai(t))‖ and bound only the growth arising from the irreducible
path, obtaining (29).
Step 1: We begin by organizing creeping sequences by topology. Using Proposition 3, we may write
PjeLt|Ai) = Pj
∞∑
n=1
tn
n!
∑
T ({i,X1,...,Xn})∈Tji
LXn · · · LX1 |Ai)
= Pj
∑
[Γ ]∈Sji
∞∑
n=1
tn
n!
∑
T (i,X1,...,Xn)∈[Γ ]
LXn · · · LX1 |Ai). (30)
Lemma 5
For [Γ ] ∈ Sji, ∑
T (i,X1,...,Xn)∈[Γ ]
tn
n!
LXn · · · LX1 |Oi) =
∞∑
m0,...,m`=0
t
(`+
∑`
k=0
mk)
(`+
∑`
k=0
mk)!
Lm`LXΓ` (L
Γ
`−1)
m`−1 · · · LXΓ1 (L
Γ
0 )
m0 |Oi) (31)
where ` = `(Γ ),
LΓk := L −
∑
Y ∈F :|Y ∩V Γk |>0
LY , (32)
and
V Γk :=

{j} k = `(Γ )− 1
`(Γ )⋃
m=2+k
XΓm 0 ≤ k < `(Γ )− 1
. (33)
is the set of forbidden vertices between steps k and k+1 of irreducible path Γ : ifM with T (M) ∈ [Γ ],
then LX does not appear in between LXΓk and LXΓk+1 if X ∩ V
Γ
k = ∅.
Proof. Every term on the right hand side of (31) forms a causal tree T ∈ [Γ ] by construction, and thus
appears on the left hand side. Conversely, every term on the left hand side must be expressible as a
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<latexit sha1_base64="1FU07a2xWXAakRi6oiV0y2U8kwg=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfauMrw==</latexit><latexit sha1_base64="1FU07a2xWXAakRi6oiV0y2U8kwg=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfauMrw==</latexit><latexit sha1_base64="1FU07a2xWXAakRi6oiV0y2U8kwg=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfauMrw==</latexit><latexit sha1_base64="1FU07a2xWXAakRi6oiV0y2U8kwg=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfauMrw==</latexit>
6
<latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHS PJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit>
7
<latexit sha1_base64="wyo5vz8qebkWVRB80mM/AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKl eSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKl eSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKl eSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKl eSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit>
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1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZV YYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZU UWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZV YYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZU UWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZV YYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZU UWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZV YYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZU UWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzq gxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2p oszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzq gxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2p oszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzq gxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2p oszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6H icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+w eFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzq gxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2p oszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>
3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqG DZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1 VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFV qt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqG DZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1 VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFV qt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqG DZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1 VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFV qt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbV BNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqG DZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1 VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFV qt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>
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Figure 4: The sets V Γk are chosen to preserve the topological class [Γ ], as are LΓk . Shaded regions
of different opacities denote “blocked” regions in between each step of the irreducible path.
term on the right hand side: using (33) and our algorithm for constructing the causal tree, any T which
contains a factor Y in between XΓk and X
Γ
k+1 with Y ∩V Γk 6= ∅ is mapped to a different equivalence class:
see Figure 4. Since there is a bijection between all terms on each side of (31), and each term on both
sides of (31) has the same real coefficient 1, the equality (31) is established.
Step 2 : Next, we define the canonical n-simplex
∆n(t) = {(t1, . . . , tn) ∈ [0, t]n : t1 ≤ t2 ≤ · · · ≤ tn}, (34)
which has volume
Vol(∆n(t)) =
tn
n!
. (35)
Lemma 6: Generalized Schwinger-Karplus Identity
Let {F0,A1,F1, . . . ,A`,F`} ⊂ End(B), t ∈ R,
I(t) :=
∞∑
m0,...,m`=0
t
`+
∑`
k=0
mk
(`+
∑`
k=0
mk)!
Fm`` A`F
m`−1
`−1 · · · Fm11 A1Fm00 , (36a)
I˜(t) :=
∫
∆`(t)
dt1 · · · dt` eF`(t−t`)A`eF`−1(t`−t`−1) · · · eF1(t2−t1)A1eF0t1 . (36b)
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Then I(t) = I˜(t).
Proof. We prove by induction. In the base case ` = 0,
I(t) =
∞∑
m=0
tm
m!
Fm0 = eF0t = I˜(t). (37)
Now assume that the identity above holds for when the value of ` is reduced by 1. Then observe that
d
dt
I˜(t) = F`I˜(t) +A`
∫
∆`−1(t)
dt1 · · · dt`−1 eF`−1(t−t`−1)A`−1 · · · eF1(t2−t1)A1eF0t1 ; (38)
d
dt
I(t) = d
dt
∞∑
m0,...,m`−1=0

∞∑
m`=1
1
(`+
∑`
k=0
mk)!
(F`t)m` + 1
(`+
`−1∑
k=0
mk)!
A`(F`−1t)m`−1 · · · (A1t)(F0t)m0
=
∞∑
m0,...,m`−1=0

∞∑
m`=0
1
(`+
∑`
k=0
mk)!
F1+m`` tm`
+
1
(`− 1 + ∑`
k=1
mk)!
A`(F`−1t)m`−1 · · · (F1t)m1(A1t)(F0t)m0
= F0I(t) +A`
∞∑
m0,...,m`−1=0
1
(`− 1 + ∑`
k=1
mk)!
(F`−1t)m`−1(A`−1t) · · · (A1t)(F0t)m0 . (39)
Using the identity at smaller values of `, we conclude that I(t) and I˜(t) obey the same first order linear
ordinary differential equation. When ` > 0, they also share the same initial condition I(0) = I˜(0) = 0.
Hence they are equal: I(t) = I˜(t).
Step 3: Now consider the following equalities. Starting with (30), we obtain
PjeLt|Oi) = Pj
∑
Γ∈Sji
∞∑
m0,...,m`=0
1
(`+
∑`
k=0
m`)!
(Lt)m`LXΓ` t(L
Γ
X`−1)
m`−1 · · · (LXΓ1 t)(L
Γ
0 t)
m0 |Oi)
= Pj
∑
Γ∈Sji
∫
∆`(Γ )(t)
dt1 · · · dt` eL(t−t`)LXΓ` · · · e
LΓ1 (t2−t1)LXΓ1 e
LΓ0 t1 |Oi) (40)
where we used Lemma 5 in the first line and Lemma 6 in the second line.
Since LY is antisymmetric for any Y ∈ F , each LΓj is antisymmetric. Define ‖|O)‖ =
√
(O|O). Then
‖|O‖ = ‖eLΓj t|O)‖ for any t ∈ R, and
‖LX |O)‖ ≤ 2‖HX‖‖|O)‖ (41)
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Figure 5: A simple application of Theorem 4 to an elementary factor graph with 2 irreducible
paths from 1 to 3.
using submultiplicativity of the L2 operator norm on B. Using (40),
Cij(t) =
‖PjeLt|Oi)‖
‖|Oi)‖
=
 1‖|Oi)‖
∥∥∥∥∥∥∥Pj
∑
Γ∈Sji
∫
∆`(t)
dt1 · · · dt`eL(t−t`)LXΓ` e
LΓ`−1(t`−t`−1)LXΓ`−1 · · · e
LΓ1 (t2−t1)LXΓ1 e
LΓ0 t1 |Oi)
∥∥∥∥∥∥∥

≤
 1‖|Oi)‖ ∑
Γ∈Sji
∫
∆`(t)
dt1 · · · dt`
∥∥∥eL(t−t1)LX1eLΓ1 (t1−t2)LX2 · · · eLΓ`−1(t`−1−t`)LX`eLΓ` t` |Oi)∥∥∥

≤
∑
Γ∈Sji
Vol
(
∆`(Γ )(t)
)
2`(Γ )
∏
X∈Γ
‖HX‖. (42)
In the third line above, we used the triangle inequality. Combining (35) and (42) proves the theorem.
A simple application of Theorem 4 is depicted in Figure 5.
Theorem 4 states that operator growth, as measured by Cij(t), is bounded by the “weight” of all
irreducible paths from i to j. This also immediately implies the following corollary:
Corollary 7
Let {i, j} ⊆ V . Define a symmetric real matrix h ∈ RN×N componentwise:
hij :=

∑
X∈F :{i,j}⊆X
‖HX‖ i 6= j
0 i = j
. (43)
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Then
Cij(t) ≤ exp[2|t|h]ij , (44)
with exp[A]ij = (e
A)ij the ij component of the matrix exponential.
Proof. It is a standard result in graph theory that [25]
exp[2|t|h]ij =
∞∑
n=0
(2|t|)n
n!
(hn)ij =
∞∑
n=0
(2|t|)n
n!
× (total weight of all paths from i to j of length n) . (45)
Since this sum includes reducible paths, and Theorem 4 bounds Cij(t) by only terms in (h
n)ij over
irreducible paths of length n, (44) is a weaker inequality than (29).
3.3 Recovering the Lieb-Robinson Bound
Define the undirected graph G˜ = (V, E˜), where
E˜ = {(i, j) : dG(i, j) = 2} . (46)
The distance between two vertices in G˜ is
d˜
G˜
(i, j) =
1
2
d(i, j), (47)
once the factor vertices of G have been removed. Note that, by definition, (hn)ij = 0 if d˜(i, j) < n. We
will usually suppress the subscript on d˜
G˜
.
The Lieb-Robinson bound, with explicitly computed coefficients following [12], uses the triangle in-
equality and submultiplicativity of the operator norm to expand (18). This leads to a much weaker bound
than (44): [5]
Cij(t) ≤ exp[2|t|h˜]ij (48)
where
h˜ij :=
 hij i 6= j∑
k
hik i = j (49)
is a positive semi-definite matrix. (48) was proven in [5], where a bound on Ĉij was derived in terms of
the exponential of a matrix involving the factor graph G’s adjacency matrix. This result is much weaker
than Theorem 4.
We now present the Lieb-Robinson bound:
Corollary 8: Lieb-Robinson Bound
Let {i, j} ⊆ V with i 6= j, let α ∈ R obey α > 1, and let h˜max be the maximal eigenvalue of h˜ij . Then
Cij(t) ≤ Cαij(t), where
Cαij(t) :=
(
e2αh˜maxt − 1
)
e−d˜(i,j) logα. (50)
Proof. The proof is straightforward and is found in [5]. Using (47) and component-wise positivity hij ≥ 0:
exp[2|t|h˜]ij =
∞∑
n=0
(2|t|)n
n!
(
h˜n
)
ij
=
∞∑
n=d˜(i,j)
(2|t|)n
n!
(
h˜n
)
ij
≤
∞∑
n=1
αn−d˜(i,j)
(2|t|)n
n!
(
h˜n
)
ij
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<
∞∑
n=1
αn−d˜(i,j)
(2|t|)n
n!
h˜nmax. (51)
Summing the series we obtain (50).
The Lieb-Robinson bound is usually interpreted as the statement that operators cannot grow faster
than ballistically. The region in which the operator is supported is said to expand with a Lieb-Robinson
velocity: [10]
lim
t,N→∞
sup
i,j:d˜(i,j)=ut
Cij(t) = 0, if u > vLR, (52)
where from (50),
vLR := inf
α
2h˜maxα
logα
= 2eh˜max. (53)
Note that the N →∞ limit must be taken so that two vertices can be found arbitrarily far apart.
In fact, the Lieb-Robinson velocity defined in (52) is not a sharp bound.
Proposition 9
lim
t,N→∞
sup
i,j:d˜(i,j)=ut
Cij(t) = 0, if u >
vLR
2
. (54)
Proof. Since the maximal eigenvalue of a symmetric matrix is obtained by a variational principle:
h˜max = sup
φ∈R|V |
∑
i,j∈V
φih˜ijφj∑
i∈V
φ2i
= sup
φ∈R|V |
∑
i,j∈V
hij(φi + φj)
2
2
∑
i∈V
φ2i
= sup
φ∈R|V |

∑
i,j∈V
hij(φi − φj)2
2
∑
i∈V
φ2i
+ 2
∑
i,j∈V
φihijφj∑
i∈V
φ2i

≥ 2hmax (55)
where hmax is the maximal eigenvalue of hij . Now repeat the proof of Corollary 8, but replace h˜ij with
hij . Generalizing (53) we obtain (54).
The “Lieb-Robinson” bound of [11] also is developed by thinking of operators as rotating vectors.
While it is weaker than (44), it is not quite as weak as (48). And while it has been appreciated in the
literature that the Lieb-Robinson bound is not tight, we are not aware of any prior literature with formal
bounds as strong as Theorem 4 and Proposition 9.
3.4 Spin Chains
In general, the bound (29) is stronger than (44), which is in turn much stronger than (50). Let us consider
the canonical example of a “spin chain” Hamiltonian whose factor graph G is the one-dimensional lattice
with nearest neighbor interactions and open boundary conditions:
G1d,nn = (ZN ,ZN−1, {(m,n) : m− n = 0 or 1}). (56)
Our notation is as follows: elements of the factor set, denoted as n ∈ ZN−1, are interpreted as {n, n+ 1}
for 0 ≤ n < N − 1. We suppose that for any factor n ∈ ZN−1, ‖Hn‖ = h.
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Figure 6: A comparison of (57) (Theorem 4), (58) (Corollary 7), and (59) (Corollary 8) for
various α. We set |j1 − j2| = 12 for illustrative purposes but results are similar for any |i− j|.
We now recite each bound in turn. Let {j1, j2} ⊆ ZN be vertices, and t > 0 be time. (29) is the
strongest bound, and implies that
Cij(t) ≤ (2ht)
|j1−j2|
|j1 − j2|! . (57)
(44) is most elegant to evaluate in the limit N →∞ with N2 − i and N2 − j held fixed. This simply allows
us to neglect boundary conditions. We evaluate the matrix exponential in the plane wave eigenbasis using
standard manipulations, and obtain
Cij(t) ≤
pi∫
−pi
dk
2pi
eik(j1−j2)e2ht·2 cos k = I|j1−j2|(4ht), (58)
where In is the n
th modified Bessel function. Finally, it is straightforward to see that the maximal
eigenvalue of hij is upper bounded by h˜max ≤ 4h. Thus for any α > 1, the Lieb-Robinson bound (50) is
Cij(t) ≤
(
e8hαt − 1
)
e−|j1−j2| logα. (59)
Figure 6 shows a numerical comparison of Theorem 4, Corollary 7 and the Lieb-Robinson bound. We
observe that at early times, Theorem 4 and Corollary 7 are identical. This is always the case at early
times and is an elementary observation that the shortest path(s) from i to j are irreducible. At all times,
the Lieb-Robinson bound is lousy and separated by a large constant factor from Theorem 4. In fact, the
Lieb-Robinson velocity vLR = 8eh, whereas the true velocity of operator spreading is bounded by (57)
as vop ≤ 2eh. The discrepancy of 4 comes from the following: one factor of 2 arises from replacing hij
with h˜ij (due to invoking the triangle inequality), and one factor of 2 arises from trying to bound (h
n)ij
universally, instead of using its component-wise elements.
3.5 Proof of Fast Scrambling in Some Regular Systems
Fix δ ∈ [0, 1]. We define the operator scrambling time
tδs = inf{t ∈ R+ : for any i, j ∈ V, Cij(s) ≥ δ for some s ∈ [0, t]}. (60)
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Our goal is to ask whether tδs = Ω(logN), as suggested by the fast scrambling conjecture (1). This section
is largely a review of [5, 9]; we summarize the results here both to improve slightly on bounds on Cij(t),
and more importantly to contrast their results with the developments in Section 4.
First, we need to fix a convention for the scaling of ‖HX‖. After all, we may freely rescale HX → αHX
and t→ α−1t for α ∈ (0,∞) without changing any physical predictions. We partially fix the scale of HX
as follows. Let {H(N)} be a sequence of Hamiltonians on increasingly larger Hilbert spaces made up of
N degrees of freedom. We will call the Hamiltonians belong to this sequence strongly extensive if
0 < lim
N→∞
(H(N)|H(N))
N
=
∑
X∈F
(HX |HX)
N
<∞. (61)
Strong extensivity is different than the physicists’ usual definition of an extensive Hamiltonian as one
where for β ∈ (0,∞),
−∞ < lim
N→∞
log
(
tr
(
e−βH(N)
))
N
<∞. (62)
This latter definition is more physically motivated by the theory of statistical physics, but our formal
definition of strong extensivity is significantly easier to work with. We are not aware of any non-integrable
model which is extensive but not strongly extensive.
We define a factor graph to be regular if for any i, j ∈ V , |∂i| = |∂j|, and for any X,Y ∈ F ,
|∂X| = |∂Y |. We call a regular factor graph q-local with degree k if |∂i| = k and |∂X| = q.
Proposition 10
Let H be a strongly extensive Hamiltonian on a q-local, degree k regular factor graph, with k = O(N0)
and q = O(N0). If max(‖HX‖)/min(‖HX‖) <∞, then tδs = Ω(logN) for δ ∈ (0, 1).
Proof. This result was essentially derived already in [5, 9]. Since our proposition is slightly more precise,
and the result is instructive to derive, we repeat a proof here.
First, pick any node i ∈ V . Note that |{j ∈ V : d(i, j) = 2m}| ≤ k(k − 1)m−1(q − 1)m. Hence, there
exists a vertex j ∈ V such that d(i, j) = Ω(logN).
Next, observe that
q|F | = kN (63)
determines the total number of factors in any regular factor graph. Hence if k = O(N0) and q = O(N0),
|F | = O(N). From (61) and the relative boundedness of ‖HX‖, we see that ‖HX‖ = O(N0).
Now we apply Corollary 8 with α = e to the vertices i and j from the previous paragraphs:
log
1
Cij(t)
≤ log 1
δ
< 2eh˜max|t| − d(i, j)
2
. (64)
Finally we must prove that h˜max = O(N
0), which follows from the variational principle
h˜max = sup
φ∈R|V |
∑
i,j∈V
hij(φi + φj)
2
∑
i∈V
φ2i
≤ sup
φ∈R|V |
2
∑
i,j∈V
hij(φ
2
i + φ
2
j )∑
i∈V
φ2i
≤ 2kmax
X∈F
‖HX‖ = O(N0). (65)
This completes the proof.
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Another system of interest is what we will call a q-local transverse field model4 (TFM) on any q-local
factor graph G. We define a TFM as any quantum system whose Hamiltonian may be expressed as
H := Hq +Hc =
∑
i∈V
Hqi +
∑
X∈F :|X|>1
HcX , (66)
such that (1 ) ‖Hqi ‖ = O(N0) for any i ∈ V , (2 ) for any X,Y ∈ F with |X|, |Y | > 1, [HcX , HcY ] = 0, and
(3 ) HX is scaled such that ∑
X∈F :|X|>1
‖HcX‖ = O(N). (67)
The “q” and “c” superscripts refer to the “quantum” and “classical” parts of the Hamiltonian respectively.
The “quantum” part of H ensures it is always strongly extensive. Because the classical parts of the
Hamiltonian all commute with one another, they will only be relevant for the thermodynamic properties
of the system when (67) holds.
Proposition 11
Let H be a TFM, such that Hc is q-local on a regular factor graph of degree k, and
‖HcX‖ ≤
N
q|F |a. (68)
Then
N∑
i,j=1
Cij(t) ≤ 1
N
e2a|t| (69)
and tδs = Ω(logN) for any δ ∈ (0, 1).
Proof. This proposition also comes from [5], albeit with a weaker bound than (69). We repeat the short
proof for clarity. Let ui = 1 for each i ∈ V denote a vector in R|V |. Then∑
j∈V
hijuj = h˜ii ≤ a = aui. (70)
The inequality in the middle follows from (63) and (68). Now using Corollary 7:
N∑
i,j=1
Cij(t) ≤
N∑
i,j=1
ui
(
e2|t|h
)
ij
uj ≤ 1
N
e2at. (71)
The second inequality follows from repeated application of (70). The full proposition follows from noting
that we bounded Cij(t) by a monotonically decreasing function for all i and j; hence
inf
s∈[0,t]
min
i,j
Cij(s) ≤ 1
N
e2at. (72)
This completes the proof.
4The name is inspired by the transverse field Ising model, which is used in quantum annealing and optimization [26, 27].
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One might ask whether or not Corollary 7 is a sharp bound at early times, as it was in the spin chain.
We expect that it often is on regular graphs. As another example, consider a 2-local TFM on the complete
graph, whose factor graph is
G = (ZN , {{j1, j2} : j1,2 ∈ Zn, j1 < j2}, {(j1, {j1, j2}) : j1,2 ∈ ZN}). (73)
Suppose that (68) holds. Then Theorem 4 gives that
Cij(t) ≤ 2at
N − 1 +
N−2∑
m=2
(2at)m
(N − 1)m−1m!
m∏
k=2
(N − k) = 1
N − 1
N−2∑
m=1
(
N − 1
m
)(
2at
N − 1
)m
≤ 1
N − 1
((
1 +
2at
N − 1
)N−1
− 1
)
=
1
N − 1
(
exp
(
2at− 2 (at)
2
N − 1 + O
(
t3
N2
))
− 1
)
. (74)
Keeping in mind that a fraction N−1N of the pairs Cij have i 6= j, we conclude that (69) and (74) are
asympotically identical when t = O(logN), as N →∞. This is easy to understand from the graph theory
perspective: almost surely, a randomly chosen path of length ` = o(
√
N) is irreducible.
There are factor graphs which are not regular, however, for which Theorem 4 and Corollary 7 give
very different results. An example corresponds to a 2-local Hamiltonian on the star graph [5, 28], whose
factor graph is
G = (ZN ,ZN−1, {(i, j) : i ∈ ZN , j ∈ ZN−1, i ∈ {j,N − 1}). (75)
Assuming ‖HX‖ = a for factor X ∈ G, Theorem 4 gives
C01(t) ≤ 2a2t2 (76)
while Corollary 7 gives
C01(t) ≤ cosh(2h|t|
√
N − 1)− 1
N − 1 . (77)
Hence on factor graphs with very heterogeneous degree distributions, Theorem 4 is much stronger. How-
ever, we also emphasize that t∗s ≥ O(1) is inconsistent with the fast scrambling conjecture, as postulated
for operator growth. An explicit 2-local model on the star graph where t∗s = O(1) is found is contained
in [28].
Since we have reduced the problem of bounding operator growth to a combinatorial problem in graph
theory, it should be possible to use the known properties of random graph ensembles to make detailed
predictions about the behavior of Cij(t) on random graphs. This interesting problem should be pursued
elsewhere.
Random Systems4
4.1 Random Hamiltonian Ensembles
In this section, we shift our focus to Hamiltonians drawn from a certain kind of random ensemble, which
we now introduce. Let G = (V, F,E) be a factor graph with |V | = N . In this section, we allow the
factor set F to contain the same element of ZV2 multiple times, for reasons we will soon explain. For
example, if V = {1, 2, 3}, we may choose F = {{1, 2}1, {1, 2}2, {1, 3}}; the subscript on X ∈ F counts
this multiplicity, and {1, 2}1 6= {1, 2}2.
We define the probability space (R|F |, σ(R|F |), µF ) where σ(· · · ) denotes a canonical Borel algebra.
Points J ∈ R|F | can be written as J := (J1, . . . , J|F |); we call JX ∈ R a random coupling. There is one
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random coupling for each X ∈ F . In this paper we will exclusively focus on measures µF where JX and
JY are independent if X 6= Y :
dµF =
∏
X∈F
dµX , (78)
where (R, σ(R), µX) is a probability space for each X ∈ F , and where for any X ∈ F , JX is zero-mean:∫
dµX JX = 0. (79)
Consider the linear Hamiltonian map H : R|F | → B defined by
H(J) :=
∑
X∈F
JXHX , (80)
where HX ∈ BX is an X-local Hermitian operator with ‖HX‖ > 0 and
(HX |HX′) = I(X = X ′). (81)
The orthogonality of HX means that H is an injection. In our 3-site example above, we may choose
H{1,2}1 = X1X2, H{1,2}1 = Y1Y2 and H{1,3} = X3Z3, where Xi, Yi, Zi denote Pauli matrices for i ∈ V .
Thus, since there can be multiple orthogonal X-local operators, we allowed multiplicity in the factor set.
We can now formally define our random Hamiltonian ensemble as a probability space (B, σ(B), µB),
where for any subset Q ⊆ B by
µB(Q) = µF
(
H−1(Q)
)
. (82)
We define averages over the ensembles µB and µF , related by the above formula, with the notation
E[f ] =
∫
dµF f. (83)
We say that a random Hamiltonian ensemble is simple if (1 ), for any X ∈ F , E[JX ] = 0, and (2 ) for any
{X1, X2} ⊆ F with X1 6= X2, JX1 and JX2 are independent random variables.
The goal of this section is to bound
E
[
Cij(t)
2
]
=
E[(Aj(t)|Pi|Aj(t))]
(Aj |Aj) =
E
[
(Aj |e−LtPieLt|Aj)
]
(Aj |Aj) . (84)
There are two important (and related) complications of this object relative to ‖PjeLt|Ai)‖, which we
studied to prove Theorem 4. (1 ) There are now two factors of eLt. (2 ) Each random coupling JX must
show up at least twice (but could show up twice in the same eLt): using (79), E[JXf ] = 0 for arbitrary
functions f which do not depend on JX .
Our motivation for developing separate bounds for (84) is that many systems of interest in physics are
drawn from random Hamiltonian ensembles where Theorem 4 is far too weak to prove the fast scrambling
conjecture. For example, consider the random SU(2) Heisenberg model on the complete graph, with
Hamiltonian [29]
H =
∑
i<j
3∑
α=1
JijX
α
i X
α
j (85)
where Xαi ∈ Bi (α ∈ {1, 2, 3}) denote Pauli matrices, and
E[JijJi′j′ ] =
1
N
I({i, j} = {i′, j′}). (86)
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This Hamiltonian is almost surely strongly extensive as N →∞, and should obey (1). We will perturba-
tively prove that it does in Theorem 19. However, applying Corollary 7 to (85), we obtain
Cij(t) ≤ 1
N
e6N max(|Jij |)|t|. (87)
The factor of 6 is not tight, but more problematic is that N max(|Jij |) ≥
√
N . Hence we cannot use
Theorem 4 to obtain (1). It is necessary to average over the random couplings to recover (1).
For the rest of this section, we will exclusively focus on simple random Hamiltonian ensembles.
4.2 Causal Tree Pairs
In (84), the numerator is the inner product of (Ai|e−LtPj and PjeLt|Ai). Proposition 3 implies that the
only sequences of L which contribute to either vector above are creeping. So with
(Ai|LXn · · · LXkPjLXk−1 · · · LX1 |Ai)
in mind, we define the two sequences
MR := (i,X1, . . . , Xk, j,Xk+1, . . . , Xn), (88a)
ML := (i,Xn, . . . , Xk+1, j,Xk, . . . , X1) (88b)
to be the couplings read from right to left (MR) and from left to right (ML). We have also now added
the target node j ∈ V wherever the projector Pj appeared in the sequence, for reasons which will become
clear later. ML,R are reverses of each other, but it is useful to think of them as “independent”. We define
the set M2ji to be the set of all sequences of factors where (1 ) each factor shows up at least twice, (2 ) at
least one factor contains j, and (3 ) the sequence is creeping when read from left to right or right to left,
as in (88). We will usually write (ML,MR) ∈M2ji to emphasize the “two sided” nature of the sequences.
The reason for defining M2ji is the following generalization of Proposition 3:
Proposition 12
If i 6= j, E [(Ai|LXn · · · LXkPjLXk−1 · · · LX1 |Ai)] 6= 0 and (88) definesML,R, then (ML,MR) ∈M2ji.
Proof. (1 ) Since the average is non-vanishing, we conclude from (79) that each factor in (ML,MR) must
show up at least twice. (2 ) Using (28b), there exists X ∈ ML,R with j ∈ X. (3 ) Proposition 2 implies
that ML,R are creeping. These are the three properties necessary for (ML,MR) ∈M2ji.
The rest of this section mirrors Section 3.1, introducing the framework necessary to prove Theorem 14.
First, we define the causal tree pair
(TL, TR) := (T (ML), T (MR)) := T(ML,MR). (89)
made out of the causal trees of ML,R. The last definition in the above equation is of the function
T : M2ji → Tji×Tji. The set of all causal tree pairs is thus given by the image of T: namely, T 2ji := T(M2ji).
When (TL, TR) ∈ T 2ji, the causal trees TL,R have the same factors: TL ∩ F = TR ∩ F . When thought of
as subgraphs of the full factor graph, TL,R also contain the same nodes: TL ∩ V = TR ∩ V . We call two
causal trees with such properties compatible and denote the relation as TL ∼= TR. While the node and
factor sets of each causal tree in the pair (TL, TR) are identical, in general TL 6= TR because the two trees
contain distinct edges.
We define a causal subtree pair (SL, SR) ⊆ (TL, TR) by SL,R ⊆ TL,R, if both (SL, SR), (TL, TR) ∈ T 2ji.
We emphasize that in this definition, indistinguishable causal trees are treated as the same object. We
define an equivalence relation ∼ji on causal tree pairs: (TL, TR) ∼ji (SL, SR) if they share a common
causal subtree pair.
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Figure 7: Reducible (left) and irreducible (right) causal tree pairs on a factor graph. The left
tree is shown in red, and the right tree is shown in blue. Examples of reducible/irreducible
sequences in the same equivalence class are given above/below, respectively.
Proposition 13
There is a unique irreducible causal tree pair (QL, QR) in each equivalence class of causal tree pairs
[(QL, QR)]ji, with the property that for any (SL, SR) ∈ [(TL, TR)]ji, (QL, QR) ⊆ (SL, SR).
Proof. This follows constructively: given (TL, TR), (SL, SR) ∈ [(TL, TR)]ji, by definition there exists a
causal tree pair (QL, QR) ∈ T 2ji with QL,R ⊆ SL,R ∩ TL,R. Since the equivalence class has a finite number
of elements, this intersection can be repeated until the irreducible element, whose left/right causal trees
are subtrees of the left/right causal trees of any other element, is found.
Figure 7 gives some intuition behind our definition of irreducible causal tree pairs. Given the two
sequences ML,R of Liouvillians, we are tempted to simply find the irreducible path between i and j of
both sequences. However, these irreducible paths may not share factors – in this case, the average E[· · · ]
implies that any unrepeated factors must show up a second time somewhere in each sequence. Since each
sequence must be creeping, we then look for the smallest possible connected subtrees of TL,R := T (ML,R)
which share factors (thus implying that every factor appears twice, and that E[· · · ] can be non-vanishing).
Looking only for causal subtrees is how we restrict our study to creeping sequences within the graph
theoretic formalism. As shown in Figure 7, the requirement that TL,R are each connected subtrees can
force the causal graph to be larger than simply the union of two irreducible paths. (We will revisit this
issue in Section 4.8).
We define the set of all irreducible causal pairs as S2ji = T 2ji/ ∼ji. Unlike in Section 3.1, there will be
many sequences M which lead to the same irreducible causal pair, and there is no canonical sequence.
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<latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOF NAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVB nOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsY IDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOF NAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVB nOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsY IDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOF NAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVB nOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsY IDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIB QZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEq z/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOF NAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVB nOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1Kt lwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsY IDzDK7w5j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit>
7
<latexit sha1_base64="wyo5vz8qebkWVRB80mM/ AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV 3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUK aRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVB nOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0M EJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/ AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV 3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUK aRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVB nOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0M EJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/ AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV 3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUK aRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVB nOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0M EJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/ AukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV 3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUK aRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVB nOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1Kt loUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0M EJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit>
(A1|(L 10)m10L13(L 9 )m9L345(L 8 )m8L126(L 7 )m7L67(L 6 )m
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(L 6 )m6L67(L 5 )m5L57(L 4 )m4L57(L 3 )m3L345(L 2 )m2L13(L 1 )m1L126(L 0 )m0 |A1)
<latexit sha1_ base64="2qr49X/m1YYXz9688Kfs 4in4Fuw=">AAAFH3iclZRNb9MwGM e9JcAoL+vgyMWiQuouVdwmbXcb4s KBQ5HoNqnpIsd1V6vOi2wHqcryTb jwVbhwACHEbd8GJytK2YYrLEX663 ke/55/njgOU86kcpyrnV3Lvnf/wd 7DxqPHT57uNw+encgkE4SOScITcR ZiSTmL6VgxxelZKiiOQk5Pw+WbMn /6kQrJkviDWqV0GuGLmM0ZwUqHgg PLa78O0CVs+xFWC4J5/q4491PJgh w5xeF5HlWigA2/apYLOisaG8U63S v+JEOOybJobMKCowpXkY5MmJ7rGT nDmjMsDG66fSNmUGMGBkx/YKT0a0 opBYtoAauCMMxHugv0FzLFhOao4 7JY5/x/AzY6ZfT/fHg1xjMN1zNj3 BrjmtxswfRqTK92cwdn27fu1qCuy c+Wo4dqDDJitpwZp+Y4xaX+Xw6DZ svpONWCtwVaixZYr1HQ/OXPEpJFN FaEYyknyEnVNMdCMcJLP5mk+rws8 QWdaBnjiMppXlkq4CsdmcF5IvQTK 1hFN3fkOJJyFYW6snQtb+bK4F25S abmw2nO4jRTNCbXjeYZhyqB5WUBZ 0xQovhKC0wE014hWWCBidJXSkMPA d185dvipNtBTge9d1vHw/U49sAL8 BK0AQIDcAzeghEYA2J9sr5Y36zv9 mf7q/3D/nlduruz3vMc/LXsq9/S6 b9D</latexit><latexit sha1_ base64="2qr49X/m1YYXz9688Kfs 4in4Fuw=">AAAFH3iclZRNb9MwGM e9JcAoL+vgyMWiQuouVdwmbXcb4s KBQ5HoNqnpIsd1V6vOi2wHqcryTb jwVbhwACHEbd8GJytK2YYrLEX663 ke/55/njgOU86kcpyrnV3Lvnf/wd 7DxqPHT57uNw+encgkE4SOScITcR ZiSTmL6VgxxelZKiiOQk5Pw+WbMn /6kQrJkviDWqV0GuGLmM0ZwUqHgg PLa78O0CVs+xFWC4J5/q4491PJgh w5xeF5HlWigA2/apYLOisaG8U63S v+JEOOybJobMKCowpXkY5MmJ7rGT nDmjMsDG66fSNmUGMGBkx/YKT0a0 opBYtoAauCMMxHugv0FzLFhOao4 7JY5/x/AzY6ZfT/fHg1xjMN1zNj3 BrjmtxswfRqTK92cwdn27fu1qCuy c+Wo4dqDDJitpwZp+Y4xaX+Xw6DZ svpONWCtwVaixZYr1HQ/OXPEpJFN FaEYyknyEnVNMdCMcJLP5mk+rws8 QWdaBnjiMppXlkq4CsdmcF5IvQTK 1hFN3fkOJJyFYW6snQtb+bK4F25S abmw2nO4jRTNCbXjeYZhyqB5WUBZ 0xQovhKC0wE014hWWCBidJXSkMPA d185dvipNtBTge9d1vHw/U49sAL8 BK0AQIDcAzeghEYA2J9sr5Y36zv9 mf7q/3D/nlduruz3vMc/LXsq9/S6 b9D</latexit><latexit sha1_ base64="2qr49X/m1YYXz9688Kfs 4in4Fuw=">AAAFH3iclZRNb9MwGM e9JcAoL+vgyMWiQuouVdwmbXcb4s KBQ5HoNqnpIsd1V6vOi2wHqcryTb jwVbhwACHEbd8GJytK2YYrLEX663 ke/55/njgOU86kcpyrnV3Lvnf/wd 7DxqPHT57uNw+encgkE4SOScITcR ZiSTmL6VgxxelZKiiOQk5Pw+WbMn /6kQrJkviDWqV0GuGLmM0ZwUqHgg PLa78O0CVs+xFWC4J5/q4491PJgh w5xeF5HlWigA2/apYLOisaG8U63S v+JEOOybJobMKCowpXkY5MmJ7rGT nDmjMsDG66fSNmUGMGBkx/YKT0a0 opBYtoAauCMMxHugv0FzLFhOao4 7JY5/x/AzY6ZfT/fHg1xjMN1zNj3 BrjmtxswfRqTK92cwdn27fu1qCuy c+Wo4dqDDJitpwZp+Y4xaX+Xw6DZ svpONWCtwVaixZYr1HQ/OXPEpJFN FaEYyknyEnVNMdCMcJLP5mk+rws8 QWdaBnjiMppXlkq4CsdmcF5IvQTK 1hFN3fkOJJyFYW6snQtb+bK4F25S abmw2nO4jRTNCbXjeYZhyqB5WUBZ 0xQovhKC0wE014hWWCBidJXSkMPA d185dvipNtBTge9d1vHw/U49sAL8 BK0AQIDcAzeghEYA2J9sr5Y36zv9 mf7q/3D/nlduruz3vMc/LXsq9/S6 b9D</latexit><latexit sha1_ base64="2qr49X/m1YYXz9688Kfs 4in4Fuw=">AAAFH3iclZRNb9MwGM e9JcAoL+vgyMWiQuouVdwmbXcb4s KBQ5HoNqnpIsd1V6vOi2wHqcryTb jwVbhwACHEbd8GJytK2YYrLEX663 ke/55/njgOU86kcpyrnV3Lvnf/wd 7DxqPHT57uNw+encgkE4SOScITcR ZiSTmL6VgxxelZKiiOQk5Pw+WbMn /6kQrJkviDWqV0GuGLmM0ZwUqHgg PLa78O0CVs+xFWC4J5/q4491PJgh w5xeF5HlWigA2/apYLOisaG8U63S v+JEOOybJobMKCowpXkY5MmJ7rGT nDmjMsDG66fSNmUGMGBkx/YKT0a0 opBYtoAauCMMxHugv0FzLFhOao4 7JY5/x/AzY6ZfT/fHg1xjMN1zNj3 BrjmtxswfRqTK92cwdn27fu1qCuy c+Wo4dqDDJitpwZp+Y4xaX+Xw6DZ svpONWCtwVaixZYr1HQ/OXPEpJFN FaEYyknyEnVNMdCMcJLP5mk+rws8 QWdaBnjiMppXlkq4CsdmcF5IvQTK 1hFN3fkOJJyFYW6snQtb+bK4F25S abmw2nO4jRTNCbXjeYZhyqB5WUBZ 0xQovhKC0wE014hWWCBidJXSkMPA d185dvipNtBTge9d1vHw/U49sAL8 BK0AQIDcAzeghEYA2J9sr5Y36zv9 mf7q/3D/nlduruz3vMc/LXsq9/S6 b9D</latexit>
{0, 1, 10}
<latexit sha1_base64="QP7jXx 5IIg6Fsahn35aCDHOtCc0=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkW wUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6Ci PwT+fOcccvL7ieBKE/JplVZW19Y3ypuVre2d3T17/6Cj4lQyaLNYxLLn UwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQK X1IGmNScmkNcOb8N7CqpX5BcmNTJ0hTEKUgVFWoN7A93GLM0hEgzQZXq OyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09k NFRqGvqmM6R6rH7XcvhXrZ/q4MrLeJSkGiK2eChIBdYxzrPAQy6BaTE 1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI 10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1aS1Yxc4h+yHr/AiRUlEE=</latex it><latexit sha1_base64="QP7jXx 5IIg6Fsahn35aCDHOtCc0=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkW wUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6Ci PwT+fOcccvL7ieBKE/JplVZW19Y3ypuVre2d3T17/6Cj4lQyaLNYxLLn UwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQK X1IGmNScmkNcOb8N7CqpX5BcmNTJ0hTEKUgVFWoN7A93GLM0hEgzQZXq OyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09k NFRqGvqmM6R6rH7XcvhXrZ/q4MrLeJSkGiK2eChIBdYxzrPAQy6BaTE 1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI 10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1aS1Yxc4h+yHr/AiRUlEE=</latex it><latexit sha1_base64="QP7jXx 5IIg6Fsahn35aCDHOtCc0=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkW wUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6Ci PwT+fOcccvL7ieBKE/JplVZW19Y3ypuVre2d3T17/6Cj4lQyaLNYxLLn UwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQK X1IGmNScmkNcOb8N7CqpX5BcmNTJ0hTEKUgVFWoN7A93GLM0hEgzQZXq OyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09k NFRqGvqmM6R6rH7XcvhXrZ/q4MrLeJSkGiK2eChIBdYxzrPAQy6BaTE 1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI 10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1aS1Yxc4h+yHr/AiRUlEE=</latex it><latexit sha1_base64="QP7jXx 5IIg6Fsahn35aCDHOtCc0=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkW wUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6Ci PwT+fOcccvL7ieBKE/JplVZW19Y3ypuVre2d3T17/6Cj4lQyaLNYxLLn UwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQK X1IGmNScmkNcOb8N7CqpX5BcmNTJ0hTEKUgVFWoN7A93GLM0hEgzQZXq OyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09k NFRqGvqmM6R6rH7XcvhXrZ/q4MrLeJSkGiK2eChIBdYxzrPAQy6BaTE 1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI 10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1aS1Yxc4h+yHr/AiRUlEE=</latex it>
{9, 10}
<latexit sha1_base64="y6OZwx NUkgefae/07HTNTPTjXcI=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8Ei uJAwKYq6K7hxWcFeoAllMp20QyeTMDMRQqiv4saFIm59EHe+jZM2BRX9 YeDnO+dwzvxBwpnSCH1alZXVtfWN6mZta3tnd8/eP+iqOJWEdkjMY9kP sKKcCdrRTHPaTyTFUcBpL5heF/XePZWKxeJOZwn1IzwWLGQEa4OGdt3j gcSEwqtTF3ly7od2AznnqBBEDlqakrglaYBS7aH94Y1ikkZUaMKxUgMX JdrPsdSMcDqreamiCSZTPKYDYwWOqPLz+fEzeGzICIaxNE9oOKffJ3Ic KZVFgemMsJ6o37UC/lUbpDq89HMmklRTQRaLwpRDHcMiCThikhLNM2M wkczcCskEmwC0yatmQlj+FP5vuk3HRY57e9ZoNcs4quAQHIET4IIL0AI 3oA06gIAMPIJn8GI9WE/Wq/W2aK1Y5Uwd/JD1/gVRB5PZ</latexit><latexit sha1_base64="y6OZwx NUkgefae/07HTNTPTjXcI=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8Ei uJAwKYq6K7hxWcFeoAllMp20QyeTMDMRQqiv4saFIm59EHe+jZM2BRX9 YeDnO+dwzvxBwpnSCH1alZXVtfWN6mZta3tnd8/eP+iqOJWEdkjMY9kP sKKcCdrRTHPaTyTFUcBpL5heF/XePZWKxeJOZwn1IzwWLGQEa4OGdt3j gcSEwqtTF3ly7od2AznnqBBEDlqakrglaYBS7aH94Y1ikkZUaMKxUgMX JdrPsdSMcDqreamiCSZTPKYDYwWOqPLz+fEzeGzICIaxNE9oOKffJ3Ic KZVFgemMsJ6o37UC/lUbpDq89HMmklRTQRaLwpRDHcMiCThikhLNM2M wkczcCskEmwC0yatmQlj+FP5vuk3HRY57e9ZoNcs4quAQHIET4IIL0AI 3oA06gIAMPIJn8GI9WE/Wq/W2aK1Y5Uwd/JD1/gVRB5PZ</latexit><latexit sha1_base64="y6OZwx NUkgefae/07HTNTPTjXcI=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8Ei uJAwKYq6K7hxWcFeoAllMp20QyeTMDMRQqiv4saFIm59EHe+jZM2BRX9 YeDnO+dwzvxBwpnSCH1alZXVtfWN6mZta3tnd8/eP+iqOJWEdkjMY9kP sKKcCdrRTHPaTyTFUcBpL5heF/XePZWKxeJOZwn1IzwWLGQEa4OGdt3j gcSEwqtTF3ly7od2AznnqBBEDlqakrglaYBS7aH94Y1ikkZUaMKxUgMX JdrPsdSMcDqreamiCSZTPKYDYwWOqPLz+fEzeGzICIaxNE9oOKffJ3Ic KZVFgemMsJ6o37UC/lUbpDq89HMmklRTQRaLwpRDHcMiCThikhLNM2M wkczcCskEmwC0yatmQlj+FP5vuk3HRY57e9ZoNcs4quAQHIET4IIL0AI 3oA06gIAMPIJn8GI9WE/Wq/W2aK1Y5Uwd/JD1/gVRB5PZ</latexit><latexit sha1_base64="y6OZwx NUkgefae/07HTNTPTjXcI=">AAAB/HicdZDLSsNAFIYn9VbrLdqlm8Ei uJAwKYq6K7hxWcFeoAllMp20QyeTMDMRQqiv4saFIm59EHe+jZM2BRX9 YeDnO+dwzvxBwpnSCH1alZXVtfWN6mZta3tnd8/eP+iqOJWEdkjMY9kP sKKcCdrRTHPaTyTFUcBpL5heF/XePZWKxeJOZwn1IzwWLGQEa4OGdt3j gcSEwqtTF3ly7od2AznnqBBEDlqakrglaYBS7aH94Y1ikkZUaMKxUgMX JdrPsdSMcDqreamiCSZTPKYDYwWOqPLz+fEzeGzICIaxNE9oOKffJ3Ic KZVFgemMsJ6o37UC/lUbpDq89HMmklRTQRaLwpRDHcMiCThikhLNM2M wkczcCskEmwC0yatmQlj+FP5vuk3HRY57e9ZoNcs4quAQHIET4IIL0AI 3oA06gIAMPIJn8GI9WE/Wq/W2aK1Y5Uwd/JD1/gVRB5PZ</latexit>
{0, 1, 10}
<latexit sha1_base64="QP7jXx5IIg6Fsahn35aCDHOtCc0=">AAAB /nicdZDLSgMxFIYz9VbrbVRcuQkWwUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6CiPwT+fOcccvL7ieBKE/JplVZW19Y3 ypuVre2d3T17/6Cj4lQyaLNYxLLnUwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQKX1IGmNScmkNcOb8N7CqpX5BcmNTJ 0hTEKUgVFWoN7A93GLM0hEgzQZXqOyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09kNFRqGvqmM6R6rH7XcvhXrZ/q4MrL eJSkGiK2eChIBdYxzrPAQy6BaTE1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1 aS1Yxc4h+yHr/AiRUlEE=</latexit><latexit sha1_base64="QP7jXx5IIg6Fsahn35aCDHOtCc0=">AAAB /nicdZDLSgMxFIYz9VbrbVRcuQkWwUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6CiPwT+fOcccvL7ieBKE/JplVZW19Y3 ypuVre2d3T17/6Cj4lQyaLNYxLLnUwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQKX1IGmNScmkNcOb8N7CqpX5BcmNTJ 0hTEKUgVFWoN7A93GLM0hEgzQZXqOyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09kNFRqGvqmM6R6rH7XcvhXrZ/q4MrL eJSkGiK2eChIBdYxzrPAQy6BaTE1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1 aS1Yxc4h+yHr/AiRUlEE=</latexit><latexit sha1_base64="QP7jXx5IIg6Fsahn35aCDHOtCc0=">AAAB /nicdZDLSgMxFIYz9VbrbVRcuQkWwUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6CiPwT+fOcccvL7ieBKE/JplVZW19Y3 ypuVre2d3T17/6Cj4lQyaLNYxLLnUwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQKX1IGmNScmkNcOb8N7CqpX5BcmNTJ 0hTEKUgVFWoN7A93GLM0hEgzQZXqOyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09kNFRqGvqmM6R6rH7XcvhXrZ/q4MrL eJSkGiK2eChIBdYxzrPAQy6BaTE1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1 aS1Yxc4h+yHr/AiRUlEE=</latexit><latexit sha1_base64="QP7jXx5IIg6Fsahn35aCDHOtCc0=">AAAB /nicdZDLSgMxFIYz9VbrbVRcuQkWwUUpmaLosuDGZQV7gc5QMumZNjRzIckIZSj4Km5cKOLW53Dn25hpp6CiPwT+fOcccvL7ieBKE/JplVZW19Y3 ypuVre2d3T17/6Cj4lQyaLNYxLLnUwWCR9DWXAvoJRJo6Avo+pPrvN69B6l4HN3paQJeSEcRDzij2qCBfeQKX1IGmNScmkNcOb8N7CqpX5BcmNTJ 0hTEKUgVFWoN7A93GLM0hEgzQZXqOyTRXkal5kzArOKmChLKJnQEfWMjGoLysvn6M3xqyBAHsTQn0nhOv09kNFRqGvqmM6R6rH7XcvhXrZ/q4MrL eJSkGiK2eChIBdYxzrPAQy6BaTE1hjLJza6YjakJQJvEKiaE5U/x/6bTqDuk7tyeV5uNIo4yOkYn6Aw56BI10Q1qoTZiKEOP6Bm9WA/Wk/VqvS1 aS1Yxc4h+yHr/AiRUlEE=</latexit>
{0, 1, 2, 9, 10}
<latexit sha1_base64="Rv/s7kpzWuITQ3aPQrJ2EA0sIpk=">AAAC AnicdZDLSsNAFIYn9VbrLepK3AwWwUUIk6Kou4IblxXsBZpQJtNJO3QyCTMToZTixldx40IRtz6FO9/GSZuCiv4w8POdczhz/jDlTGmEPq3S0vLK 6lp5vbKxubW9Y+/utVSSSUKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjq7yevuOSsUScavHKQ1iPBAsYgRrg3r2gc9DiQmFyPGcmnPpeMiXM9Kzq8g9 Q7kgctHCFMQrSBUUavTsD7+fkCymQhOOlep6KNXBBEvNCKfTip8pmmIywgPaNVbgmKpgMjthCo8N6cMokeYJDWf0+8QEx0qN49B0xlgP1e9aDv+q dTMdXQQTJtJMU0Hmi6KMQ53APA/YZ5ISzcfGYCKZ+SskQ2wC0Ca1iglhcSn837Rqrodc7+a0Wq8VcZTBITgCJ8AD56AOrkEDNAEB9+ARPIMX68F 6sl6tt3lrySpm9sEPWe9f9yGVLA==</latexit><latexit sha1_base64="Rv/s7kpzWuITQ3aPQrJ2EA0sIpk=">AAAC AnicdZDLSsNAFIYn9VbrLepK3AwWwUUIk6Kou4IblxXsBZpQJtNJO3QyCTMToZTixldx40IRtz6FO9/GSZuCiv4w8POdczhz/jDlTGmEPq3S0vLK 6lp5vbKxubW9Y+/utVSSSUKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjq7yevuOSsUScavHKQ1iPBAsYgRrg3r2gc9DiQmFyPGcmnPpeMiXM9Kzq8g9 Q7kgctHCFMQrSBUUavTsD7+fkCymQhOOlep6KNXBBEvNCKfTip8pmmIywgPaNVbgmKpgMjthCo8N6cMokeYJDWf0+8QEx0qN49B0xlgP1e9aDv+q dTMdXQQTJtJMU0Hmi6KMQ53APA/YZ5ISzcfGYCKZ+SskQ2wC0Ca1iglhcSn837Rqrodc7+a0Wq8VcZTBITgCJ8AD56AOrkEDNAEB9+ARPIMX68F 6sl6tt3lrySpm9sEPWe9f9yGVLA==</latexit><latexit sha1_base64="Rv/s7kpzWuITQ3aPQrJ2EA0sIpk=">AAAC AnicdZDLSsNAFIYn9VbrLepK3AwWwUUIk6Kou4IblxXsBZpQJtNJO3QyCTMToZTixldx40IRtz6FO9/GSZuCiv4w8POdczhz/jDlTGmEPq3S0vLK 6lp5vbKxubW9Y+/utVSSSUKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjq7yevuOSsUScavHKQ1iPBAsYgRrg3r2gc9DiQmFyPGcmnPpeMiXM9Kzq8g9 Q7kgctHCFMQrSBUUavTsD7+fkCymQhOOlep6KNXBBEvNCKfTip8pmmIywgPaNVbgmKpgMjthCo8N6cMokeYJDWf0+8QEx0qN49B0xlgP1e9aDv+q dTMdXQQTJtJMU0Hmi6KMQ53APA/YZ5ISzcfGYCKZ+SskQ2wC0Ca1iglhcSn837Rqrodc7+a0Wq8VcZTBITgCJ8AD56AOrkEDNAEB9+ARPIMX68F 6sl6tt3lrySpm9sEPWe9f9yGVLA==</latexit><latexit sha1_base64="Rv/s7kpzWuITQ3aPQrJ2EA0sIpk=">AAAC AnicdZDLSsNAFIYn9VbrLepK3AwWwUUIk6Kou4IblxXsBZpQJtNJO3QyCTMToZTixldx40IRtz6FO9/GSZuCiv4w8POdczhz/jDlTGmEPq3S0vLK 6lp5vbKxubW9Y+/utVSSSUKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjq7yevuOSsUScavHKQ1iPBAsYgRrg3r2gc9DiQmFyPGcmnPpeMiXM9Kzq8g9 Q7kgctHCFMQrSBUUavTsD7+fkCymQhOOlep6KNXBBEvNCKfTip8pmmIywgPaNVbgmKpgMjthCo8N6cMokeYJDWf0+8QEx0qN49B0xlgP1e9aDv+q dTMdXQQTJtJMU0Hmi6KMQ53APA/YZ5ISzcfGYCKZ+SskQ2wC0Ca1iglhcSn837Rqrodc7+a0Wq8VcZTBITgCJ8AD56AOrkEDNAEB9+ARPIMX68F 6sl6tt3lrySpm9sEPWe9f9yGVLA==</latexit>
{0, 8, 9, 10}
<latexit sha1_base64="d7pZ+lwgrAgLXbjW2tBKKV8lqLc=">AAAC AHicdZBNS8MwGMfT+TbnW9WDBy/BIXgYJR2K8zbw4nGCe4G1jDRLt7A0LUkqjLKLX8WLB0W8+jG8+W1Mtw5U9A+Bf37P85A8/yDhTGmEPq3Syura +kZ5s7K1vbO7Z+8fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTK7zeveeSsVicaenCfUjPBIsZARrgwb2kccDiQmFqNaoXdVc5Mn5fWBXkXOB ckHkoKUpiFuQKijUGtgf3jAmaUSFJhwr1XdRov0MS80Ip7OKlyqaYDLBI9o3VuCIKj+bLzCDp4YMYRhLc4SGc/p9IsORUtMoMJ0R1mP1u5bDv2r9 VIcNP2MiSTUVZPFQmHKoY5inAYdMUqL51BhMJDN/hWSMTQDaZFYxISw3hf+bTt1xkePenleb9SKOMjgGJ+AMuOASNMENaIE2IGAGHsEzeLEerCf r1XpbtJasYuYQ/JD1/gUdwZTB</latexit><latexit sha1_base64="d7pZ+lwgrAgLXbjW2tBKKV8lqLc=">AAAC AHicdZBNS8MwGMfT+TbnW9WDBy/BIXgYJR2K8zbw4nGCe4G1jDRLt7A0LUkqjLKLX8WLB0W8+jG8+W1Mtw5U9A+Bf37P85A8/yDhTGmEPq3Syura +kZ5s7K1vbO7Z+8fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTK7zeveeSsVicaenCfUjPBIsZARrgwb2kccDiQmFqNaoXdVc5Mn5fWBXkXOB ckHkoKUpiFuQKijUGtgf3jAmaUSFJhwr1XdRov0MS80Ip7OKlyqaYDLBI9o3VuCIKj+bLzCDp4YMYRhLc4SGc/p9IsORUtMoMJ0R1mP1u5bDv2r9 VIcNP2MiSTUVZPFQmHKoY5inAYdMUqL51BhMJDN/hWSMTQDaZFYxISw3hf+bTt1xkePenleb9SKOMjgGJ+AMuOASNMENaIE2IGAGHsEzeLEerCf r1XpbtJasYuYQ/JD1/gUdwZTB</latexit><latexit sha1_base64="d7pZ+lwgrAgLXbjW2tBKKV8lqLc=">AAAC AHicdZBNS8MwGMfT+TbnW9WDBy/BIXgYJR2K8zbw4nGCe4G1jDRLt7A0LUkqjLKLX8WLB0W8+jG8+W1Mtw5U9A+Bf37P85A8/yDhTGmEPq3Syura +kZ5s7K1vbO7Z+8fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTK7zeveeSsVicaenCfUjPBIsZARrgwb2kccDiQmFqNaoXdVc5Mn5fWBXkXOB ckHkoKUpiFuQKijUGtgf3jAmaUSFJhwr1XdRov0MS80Ip7OKlyqaYDLBI9o3VuCIKj+bLzCDp4YMYRhLc4SGc/p9IsORUtMoMJ0R1mP1u5bDv2r9 VIcNP2MiSTUVZPFQmHKoY5inAYdMUqL51BhMJDN/hWSMTQDaZFYxISw3hf+bTt1xkePenleb9SKOMjgGJ+AMuOASNMENaIE2IGAGHsEzeLEerCf r1XpbtJasYuYQ/JD1/gUdwZTB</latexit><latexit sha1_base64="d7pZ+lwgrAgLXbjW2tBKKV8lqLc=">AAAC AHicdZBNS8MwGMfT+TbnW9WDBy/BIXgYJR2K8zbw4nGCe4G1jDRLt7A0LUkqjLKLX8WLB0W8+jG8+W1Mtw5U9A+Bf37P85A8/yDhTGmEPq3Syura +kZ5s7K1vbO7Z+8fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTK7zeveeSsVicaenCfUjPBIsZARrgwb2kccDiQmFqNaoXdVc5Mn5fWBXkXOB ckHkoKUpiFuQKijUGtgf3jAmaUSFJhwr1XdRov0MS80Ip7OKlyqaYDLBI9o3VuCIKj+bLzCDp4YMYRhLc4SGc/p9IsORUtMoMJ0R1mP1u5bDv2r9 VIcNP2MiSTUVZPFQmHKoY5inAYdMUqL51BhMJDN/hWSMTQDaZFYxISw3hf+bTt1xkePenleb9SKOMjgGJ+AMuOASNMENaIE2IGAGHsEzeLEerCf r1XpbtJasYuYQ/JD1/gUdwZTB</latexit>
{0, 1, 2, 3, 7, 8, 9, 10}
<latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAAC CHicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV 1bXyemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx 5wOziuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux /F3L4V+1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjy AJ/Bs3BuPxovxumgtGcXMPvgh4+0Tu6SWjg==</latexit><latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAAC CHicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV 1bXyemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx 5wOziuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux /F3L4V+1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjy AJ/Bs3BuPxovxumgtGcXMPvgh4+0Tu6SWjg==</latexit><latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAAC CHicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV 1bXyemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx 5wOziuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux /F3L4V+1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjy AJ/Bs3BuPxovxumgtGcXMPvgh4+0Tu6SWjg==</latexit><latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAAC CHicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV 1bXyemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx 5wOziuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux /F3L4V+1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjy AJ/Bs3BuPxovxumgtGcXMPvgh4+0Tu6SWjg==</latexit>{0, 1, 10}
<latexit sha1_base64="DOPG0d jMsjYFATtCALvbGfS+/Nw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgE F2XIjHVsdwU3LivYB3SGkknTNjTzIMkIZSj4K25cKOLW73Dn35hOK6jo gQsn59xL7j1BwplUCH0YhZXVtfWN4mZpa3tnd8/cP2jLOBWEtkjMY9EN sKScRbSlmOK0mwiKw4DTTjC5mvudOyoki6NbNU2oH+JRxIaMYKWlvnnk 8UBgQiGq2BUbeSJ/9c0ysup1VLVdiKwLhBy3rgk6d2quC20L5SiDJZp9 890bxCQNaaQIx1L2bJQoP8NCMcLprOSlkiaYTPCI9jSNcEiln+Xrz+Cp VgZwGAtdkYK5+n0iw6GU0zDQnSFWY/nbm4t/eb1UDWt+xqIkVTQii4+ GKYcqhvMs4IAJShSfaoKJYHpXSMZYB6B0YiUdwtel8H/SdiwbWfZNtdx wlnEUwTE4AWfABpegAa5BE7QAARl4AE/g2bg3Ho0X43XRWjCWM4fgB4y 3T4PLlIM=</latexit><latexit sha1_base64="DOPG0d jMsjYFATtCALvbGfS+/Nw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgE F2XIjHVsdwU3LivYB3SGkknTNjTzIMkIZSj4K25cKOLW73Dn35hOK6jo gQsn59xL7j1BwplUCH0YhZXVtfWN4mZpa3tnd8/cP2jLOBWEtkjMY9EN sKScRbSlmOK0mwiKw4DTTjC5mvudOyoki6NbNU2oH+JRxIaMYKWlvnnk 8UBgQiGq2BUbeSJ/9c0ysup1VLVdiKwLhBy3rgk6d2quC20L5SiDJZp9 890bxCQNaaQIx1L2bJQoP8NCMcLprOSlkiaYTPCI9jSNcEiln+Xrz+Cp VgZwGAtdkYK5+n0iw6GU0zDQnSFWY/nbm4t/eb1UDWt+xqIkVTQii4+ GKYcqhvMs4IAJShSfaoKJYHpXSMZYB6B0YiUdwtel8H/SdiwbWfZNtdx wlnEUwTE4AWfABpegAa5BE7QAARl4AE/g2bg3Ho0X43XRWjCWM4fgB4y 3T4PLlIM=</latexit><latexit sha1_base64="DOPG0d jMsjYFATtCALvbGfS+/Nw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgE F2XIjHVsdwU3LivYB3SGkknTNjTzIMkIZSj4K25cKOLW73Dn35hOK6jo gQsn59xL7j1BwplUCH0YhZXVtfWN4mZpa3tnd8/cP2jLOBWEtkjMY9EN sKScRbSlmOK0mwiKw4DTTjC5mvudOyoki6NbNU2oH+JRxIaMYKWlvnnk 8UBgQiGq2BUbeSJ/9c0ysup1VLVdiKwLhBy3rgk6d2quC20L5SiDJZp9 890bxCQNaaQIx1L2bJQoP8NCMcLprOSlkiaYTPCI9jSNcEiln+Xrz+Cp VgZwGAtdkYK5+n0iw6GU0zDQnSFWY/nbm4t/eb1UDWt+xqIkVTQii4+ GKYcqhvMs4IAJShSfaoKJYHpXSMZYB6B0YiUdwtel8H/SdiwbWfZNtdx wlnEUwTE4AWfABpegAa5BE7QAARl4AE/g2bg3Ho0X43XRWjCWM4fgB4y 3T4PLlIM=</latexit><latexit sha1_base64="DOPG0d jMsjYFATtCALvbGfS+/Nw=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgE F2XIjHVsdwU3LivYB3SGkknTNjTzIMkIZSj4K25cKOLW73Dn35hOK6jo gQsn59xL7j1BwplUCH0YhZXVtfWN4mZpa3tnd8/cP2jLOBWEtkjMY9EN sKScRbSlmOK0mwiKw4DTTjC5mvudOyoki6NbNU2oH+JRxIaMYKWlvnnk 8UBgQiGq2BUbeSJ/9c0ysup1VLVdiKwLhBy3rgk6d2quC20L5SiDJZp9 890bxCQNaaQIx1L2bJQoP8NCMcLprOSlkiaYTPCI9jSNcEiln+Xrz+Cp VgZwGAtdkYK5+n0iw6GU0zDQnSFWY/nbm4t/eb1UDWt+xqIkVTQii4+ GKYcqhvMs4IAJShSfaoKJYHpXSMZYB6B0YiUdwtel8H/SdiwbWfZNtdx wlnEUwTE4AWfABpegAa5BE7QAARl4AE/g2bg3Ho0X43XRWjCWM4fgB4y 3T4PLlIM=</latexit>
{0, 1, 2, 9, 10}
<latexit sha1_base64="g7diprr2pRCd0z32A3NoM5nxKx4=">AAAC AnicdVDLSgMxFM3UV62vUVfiJlgEF8OQjLV2dgU3LivYVmhLyaRpG5p5kGSEMhQ3/oobF4q49Svc+TemD0FFD1w4nHMv994TJIIrjdCHlVtaXlld y68XNja3tnfs3b2GilNJWZ3GIpY3AVFM8IjVNdeC3SSSkTAQrBmMLqZ+85ZJxePoWo8T1gnJIOJ9Tok2Utc+aItAEsogcrDjOb6DUVvOlK5dRK7v oxIuQ+SeIeSVfUPQqVcplyF20QxFsECta7+3ezFNQxZpKohSLYwS3cmI1JwKNim0U8USQkdkwFqGRiRkqpPNXpjAY6P0YD+WpiINZ+r3iYyESo3D wHSGRA/Vb28q/uW1Ut2vdDIeJalmEZ0v6qcC6hhO84A9LhnVYmwIoZKbWyEdEhOANqkVTAhfn8L/ScNzMXLxValY9RZx5MEhOAInAINzUAWXoAb qgII78ACewLN1bz1aL9brvDVnLWb2wQ9Yb59Wp5Vu</latexit><latexit sha1_base64="g7diprr2pRCd0z32A3NoM5nxKx4=">AAAC AnicdVDLSgMxFM3UV62vUVfiJlgEF8OQjLV2dgU3LivYVmhLyaRpG5p5kGSEMhQ3/oobF4q49Svc+TemD0FFD1w4nHMv994TJIIrjdCHlVtaXlld y68XNja3tnfs3b2GilNJWZ3GIpY3AVFM8IjVNdeC3SSSkTAQrBmMLqZ+85ZJxePoWo8T1gnJIOJ9Tok2Utc+aItAEsogcrDjOb6DUVvOlK5dRK7v oxIuQ+SeIeSVfUPQqVcplyF20QxFsECta7+3ezFNQxZpKohSLYwS3cmI1JwKNim0U8USQkdkwFqGRiRkqpPNXpjAY6P0YD+WpiINZ+r3iYyESo3D wHSGRA/Vb28q/uW1Ut2vdDIeJalmEZ0v6qcC6hhO84A9LhnVYmwIoZKbWyEdEhOANqkVTAhfn8L/ScNzMXLxValY9RZx5MEhOAInAINzUAWXoAb qgII78ACewLN1bz1aL9brvDVnLWb2wQ9Yb59Wp5Vu</latexit><latexit sha1_base64="g7diprr2pRCd0z32A3NoM5nxKx4=">AAAC AnicdVDLSgMxFM3UV62vUVfiJlgEF8OQjLV2dgU3LivYVmhLyaRpG5p5kGSEMhQ3/oobF4q49Svc+TemD0FFD1w4nHMv994TJIIrjdCHlVtaXlld y68XNja3tnfs3b2GilNJWZ3GIpY3AVFM8IjVNdeC3SSSkTAQrBmMLqZ+85ZJxePoWo8T1gnJIOJ9Tok2Utc+aItAEsogcrDjOb6DUVvOlK5dRK7v oxIuQ+SeIeSVfUPQqVcplyF20QxFsECta7+3ezFNQxZpKohSLYwS3cmI1JwKNim0U8USQkdkwFqGRiRkqpPNXpjAY6P0YD+WpiINZ+r3iYyESo3D wHSGRA/Vb28q/uW1Ut2vdDIeJalmEZ0v6qcC6hhO84A9LhnVYmwIoZKbWyEdEhOANqkVTAhfn8L/ScNzMXLxValY9RZx5MEhOAInAINzUAWXoAb qgII78ACewLN1bz1aL9brvDVnLWb2wQ9Yb59Wp5Vu</latexit><latexit sha1_base64="g7diprr2pRCd0z32A3NoM5nxKx4=">AAAC AnicdVDLSgMxFM3UV62vUVfiJlgEF8OQjLV2dgU3LivYVmhLyaRpG5p5kGSEMhQ3/oobF4q49Svc+TemD0FFD1w4nHMv994TJIIrjdCHlVtaXlld y68XNja3tnfs3b2GilNJWZ3GIpY3AVFM8IjVNdeC3SSSkTAQrBmMLqZ+85ZJxePoWo8T1gnJIOJ9Tok2Utc+aItAEsogcrDjOb6DUVvOlK5dRK7v oxIuQ+SeIeSVfUPQqVcplyF20QxFsECta7+3ezFNQxZpKohSLYwS3cmI1JwKNim0U8USQkdkwFqGRiRkqpPNXpjAY6P0YD+WpiINZ+r3iYyESo3D wHSGRA/Vb28q/uW1Ut2vdDIeJalmEZ0v6qcC6hhO84A9LhnVYmwIoZKbWyEdEhOANqkVTAhfn8L/ScNzMXLxValY9RZx5MEhOAInAINzUAWXoAb qgII78ACewLN1bz1aL9brvDVnLWb2wQ9Yb59Wp5Vu</latexit>
{0, 1, 2, 3, 5, 6, 7, 8, 9, 10}
<latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubW dmYnu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3 ZeqZFLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+ n5iRQKlp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8A BZVADV6AOGoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit><latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubW dmYnu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3 ZeqZFLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+ n5iRQKlp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8A BZVADV6AOGoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit><latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubW dmYnu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3 ZeqZFLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+ n5iRQKlp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8A BZVADV6AOGoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit><latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubW dmYnu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3 ZeqZFLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+ n5iRQKlp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8A BZVADV6AOGoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit>
{0, 1, 2, 3, 4, 5, 7, 8, 9, 10}
<latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7Yz O9ndvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JML z6SwXavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8n UhIoNQ18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFA BdXAFGqAJKLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit><latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7Yz O9ndvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JML z6SwXavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8n UhIoNQ18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFA BdXAFGqAJKLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit><latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7Yz O9ndvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JML z6SwXavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8n UhIoNQ18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFA BdXAFGqAJKLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit><latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAAC DHicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7Yz O9ndvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JML z6SwXavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8n UhIoNQ18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFA BdXAFGqAJKLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit>{0, 1, 2, 8, 9, 10}
<latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAAC BHicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3 NnNb+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4i t1JBJS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFS kyg0nRHWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogit QA3VAwB14AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit><latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAAC BHicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3 NnNb+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4i t1JBJS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFS kyg0nRHWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogit QA3VAwB14AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit><latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAAC BHicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3 NnNb+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4i t1JBJS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFS kyg0nRHWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogit QA3VAwB14AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit><latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAAC BHicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3 NnNb+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4i t1JBJS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFS kyg0nRHWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogit QA3VAwB14AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit>{0, 1, 9, 10}
<latexit sha1_base64="PuP/Uo 87ROwY2XeojJ7QxG4kutY=">AAACAHicdVDLSgMxFM3UV62vURcu3ASL 4KIMmbGOnV3BjcsK9gGdoWTStA3NPEgyQind+CtuXCji1s9w59+YTiuo 6IELJ+fcS+49YcqZVAh9GIWV1bX1jeJmaWt7Z3fP3D9oySQThDZJwhPR CbGknMW0qZjitJMKiqOQ03Y4vpr77TsqJEviWzVJaRDhYcwGjGClpZ55 5PNQYEIhqtgVr2IjX+TvnllGluehqu1CZF0g5LieJujcqbkutC2UowyW aPTMd7+fkCyisSIcS9m1UaqCKRaKEU5nJT+TNMVkjIe0q2mMIyqDaX7A DJ5qpQ8HidAVK5ir3yemOJJyEoW6M8JqJH97c/Evr5upQS2YsjjNFI3 J4qNBxqFK4DwN2GeCEsUnmmAimN4VkhHWASidWUmH8HUp/J+0HMtGln1 TLdedZRxFcAxOwBmwwSWog2vQAE1AwAw8gCfwbNwbj8aL8bpoLRjLmUP wA8bbJ3JIlPw=</latexit><latexit sha1_base64="PuP/Uo 87ROwY2XeojJ7QxG4kutY=">AAACAHicdVDLSgMxFM3UV62vURcu3ASL 4KIMmbGOnV3BjcsK9gGdoWTStA3NPEgyQind+CtuXCji1s9w59+YTiuo 6IELJ+fcS+49YcqZVAh9GIWV1bX1jeJmaWt7Z3fP3D9oySQThDZJwhPR CbGknMW0qZjitJMKiqOQ03Y4vpr77TsqJEviWzVJaRDhYcwGjGClpZ55 5PNQYEIhqtgVr2IjX+TvnllGluehqu1CZF0g5LieJujcqbkutC2UowyW aPTMd7+fkCyisSIcS9m1UaqCKRaKEU5nJT+TNMVkjIe0q2mMIyqDaX7A DJ5qpQ8HidAVK5ir3yemOJJyEoW6M8JqJH97c/Evr5upQS2YsjjNFI3 J4qNBxqFK4DwN2GeCEsUnmmAimN4VkhHWASidWUmH8HUp/J+0HMtGln1 TLdedZRxFcAxOwBmwwSWog2vQAE1AwAw8gCfwbNwbj8aL8bpoLRjLmUP wA8bbJ3JIlPw=</latexit><latexit sha1_base64="PuP/Uo 87ROwY2XeojJ7QxG4kutY=">AAACAHicdVDLSgMxFM3UV62vURcu3ASL 4KIMmbGOnV3BjcsK9gGdoWTStA3NPEgyQind+CtuXCji1s9w59+YTiuo 6IELJ+fcS+49YcqZVAh9GIWV1bX1jeJmaWt7Z3fP3D9oySQThDZJwhPR CbGknMW0qZjitJMKiqOQ03Y4vpr77TsqJEviWzVJaRDhYcwGjGClpZ55 5PNQYEIhqtgVr2IjX+TvnllGluehqu1CZF0g5LieJujcqbkutC2UowyW aPTMd7+fkCyisSIcS9m1UaqCKRaKEU5nJT+TNMVkjIe0q2mMIyqDaX7A DJ5qpQ8HidAVK5ir3yemOJJyEoW6M8JqJH97c/Evr5upQS2YsjjNFI3 J4qNBxqFK4DwN2GeCEsUnmmAimN4VkhHWASidWUmH8HUp/J+0HMtGln1 TLdedZRxFcAxOwBmwwSWog2vQAE1AwAw8gCfwbNwbj8aL8bpoLRjLmUP wA8bbJ3JIlPw=</latexit><latexit sha1_base64="PuP/Uo 87ROwY2XeojJ7QxG4kutY=">AAACAHicdVDLSgMxFM3UV62vURcu3ASL 4KIMmbGOnV3BjcsK9gGdoWTStA3NPEgyQind+CtuXCji1s9w59+YTiuo 6IELJ+fcS+49YcqZVAh9GIWV1bX1jeJmaWt7Z3fP3D9oySQThDZJwhPR CbGknMW0qZjitJMKiqOQ03Y4vpr77TsqJEviWzVJaRDhYcwGjGClpZ55 5PNQYEIhqtgVr2IjX+TvnllGluehqu1CZF0g5LieJujcqbkutC2UowyW aPTMd7+fkCyisSIcS9m1UaqCKRaKEU5nJT+TNMVkjIe0q2mMIyqDaX7A DJ5qpQ8HidAVK5ir3yemOJJyEoW6M8JqJH97c/Evr5upQS2YsjjNFI3 J4qNBxqFK4DwN2GeCEsUnmmAimN4VkhHWASidWUmH8HUp/J+0HMtGln1 TLdedZRxFcAxOwBmwwSWog2vQAE1AwAw8gCfwbNwbj8aL8bpoLRjLmUP wA8bbJ3JIlPw=</latexit>
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Figure 8: An irreducible causal tree pair (QL, QR) ∈ S2ji, which follows from the sequence
depicted. QL is shown in red and QR is shown in blue. Sets in purple next to each node v ∈ V
denote values of k for which v ∈ V ψk ; sets in orange next to each factor X ∈ F denote values of
k for which X ∈ Y ψk .
As such, given (QL, QR) ∈ S2ji, we define
Ψ(QL, QR) := {M ∈M2ji : T(M) = (QL, QR) and |M| = 2|F ∩QL|} (90)
to be the set of all possible orderings of factors on the left and right causal trees, simultaneously. Let
ψ ∈ Ψ(TL, TR), and let `(ψ) = |ψ| be the number of factors in the sequence (which will always be an
even number). Let `L,R(ψ) to be the number of factors between i and j in the sequences ψ = (ML,MR)
respectively. Slightly abusing notation, we will also write ψ = (i,X1, X2, . . . , X`(ψ)) as the sequence of
factor nodes (together with root i and target j) in the right sequence MR. For any factor X ∈ ψ, let
1 ≤ minψ(X) < maxψ(X) ≤ `(ψ) denote the first and second location of X in the sequence MR. We
define minψ(j) and maxψ(j) to be the first and last factors which include the node j (as read from right
to left). As in Section 3.1, we now define a sequence of V ψk which encode nodes which cannot be reached
in a growing operator without changing either the left or right causal tree: for 0 ≤ k ≤ `(ψ),
V ψk :=
v ∈ V − i : v /∈
k⋃
p=1
Xψp , and v ∈ Xψm for some m = min(Xψm) > k + 1
 ∪
{
j, if k < min
ψ
(j)
}
∪
v ∈ V − i : v /∈
`(ψ)⋃
p=k+1
Xψp , and v ∈ Xψm for some m = max(Xψm) < k
 ∪
{
j, if k ≥ max
ψ
(j)
}
. (91)
We also define the set
Y ψk := {X ∈ F : X ∩ V ψk 6= ∅} ∪ {X ∈ ψ : minψ (X) > k} ∪ {X ∈ ψ : maxψ (X) ≤ k} (92)
to be a set of forbidden factors in between Xψk and X
ψ
k+1: the first set changes either the left or right
causal tree; the second/third set prevents the right/left-most appearance of any factor from being modified,
respectively. An example of how to construct both V ψk and Y
ψ
k is given in Figure 8.
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4.3 Bounding the Norm Variance
We now state our second main theorem:
Theorem 14
Let E[· · · ] denote expectation value in the measure of a simple random Hamiltonian ensemble on
G = (V, F,E), with
E
[
J2X
]
:= J 2X . (93)
Then
E
[
Cij(t)
2
] ≤ ∑
(QL,QR)∈S2ji
∑
ψ∈Ψ(QL,QR)
1
`L(ψ)!`R(ψ)!
∏
X∈QL∪QR
(2JXt)2. (94)
Proof. The method of proof follows closely Theorem 4. (1 ) We generalize Lemma 5 to the sum over
sequences in M2ji, using the expectation value and zero-mean property of JX to simplify things. (2 ) Next,
we show that the disorder average can be used to exactly re-write the sum over random couplings as a
sum over sequences ψ describing all possible irreducible causal tree pairs, along with orthogonal rotations.
We bound the resulting sum exactly as in Theorem 4.
Step 1: With the classification developed in Section 4.2, we may write
(Ai|e−LtPjeLt|Ai) =
∑
(QL,QR)
∑
M∈M2ji:
T(M)∈[(QL,QR)]
(−t)n−rtr
(n− r)!r! (Ai|LXn · · · LXr+1PjLXr · · · LX1 |Ai). (95)
Now we state the following generalization of Lemma 5:
Lemma 15
For (QL, QR) ∈ S2ji,
E
 ∑
M∈M2ji:T(M)∈[(QL,QR)]
(−t)n−rtr
(n− r)!r! (Ai|LXn · · · LXr+1PjLXr · · · LX1 |Ai)

= E
 ∑
ψ∈Ψ(QL,QR)
∞∑
m0,...,m`=0
(−t)`−`R+m′`R+
∑`
i=`R+1
mi
(`− `R +m′`R +
∑`
i=`R+1
mi)!
t`R+
∑`R
i=0mi
(`R +
∑`R
i=0mi)!
×
(Ai|(Lψ` )m0LXψ` · · · LXψ1+`R (L
ψ
`R
)
m′`RPj(Lψ`R)
m`RL
Xψ`R
(Lψ`R−1)
m`R−1 · · · (Lψ1 )m1LXψ1 (L
ψ
0 )
m0 |Ai)
]
(96)
where ` := `(ψ), `R := `R(ψ) and
Lψk := L −
∑
Y ∈Y ψk
LY . (97)
Proof. The proof is analogous to Lemma 5. Every non-vanishing term on right hand side of (96) is in
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the class [(QL, QR)] with ordering ψ by construction.
5 Conversely, for every (ML,MR) ∈ M2ji with
[T(ML,MR)] = [(QL, QR)], the sequence (ML,MR) must be expressible as a term on the right hand side
of (96), as otherwise the sequence would belong to a different equivalence class in S2ji. The coefficients of
the non-vanishing terms on each side of the sum are also identical, as they are only determined by the
number of Liouvillians in between the projector Pj and the left/right vectors (Ai| and |Ai).6 Hence there
is a bijection between the non-vanishing terms on both sides of the sum: they are equivalent.
Step 2: Now we further simplify (96):
E
 ∑
M∈M2ji:T(M)∈[(QL,QR)]
(−t)n−rtr
(n− r)!r! (Ai|LXn · · · LXr+1PjLXr · · · LX1 |Ai)

= E
 ∑
ψ∈Ψ(QL,QR)
∫
∆`L (t)
dtL1 · · · dtL`L(Ai|e
−Lψ` (t−tL`L )(−LψX`)e
−Lψ` (tL`L−t
L
`L−1) · · · (−LψX`R+1)e
−Lψ`R t
L
1Pj
×
∫
∆`R (t)
dtR1 · · · dtR`RPje
Lψ`R (t−t
R
`R
)Lψ`R · · · eL
ψ
1 (t
R
2 −tR1 )Lψ1 eL
ψ
0 t
R
1 |Ai)

≤ E
 ∑
ψ∈Ψ(QL,QR)
t`L+`R
`L!`R!
∏
X∈ψ
(2|JX |)
 (Ai|Ai) (98)
where in the first step, we applied Lemma 6, and in the second step we used the orthogonality of eL
ψ
k t,
(41) and (81).
Lastly, we note that
E
[
Cij(t)
2
]
= E
 1(Ai|Ai) ∑
(QL,QR)∈S2ji
∑
M∈M2ji:
T(M)∈[(QL,QR)]
(−t)r
r!
tn−r
(n− r)! (Ai|LX1 · · · LXrPjLXr+1 · · · LXn |Ai)

≤ E
 ∑
(QL,QR)∈S2ji
∑
ψ∈Ψ(QL,QR)
t`L+`R
`L!`R!
∏
X∈ψ
(2|JX |)
 (99)
where in the first line we used the fact that the only non-vanishing sequences are elements of M2ji, and
in the second line we used (98). Since each factor in ψ shows up exactly twice (due to irreducibility),
we may use that |JX |2 = J2X to evaluate the expectation value using (93). Hence the last line of (99) is
equivalent to (94).
5While there are terms in the sum on the right hand side where a coupling X /∈ QL,R can show up a single time, these
terms are killed by the average.
6Note that there is an extra (Lψ`R)
m′`R term on the left hand side of Pj . Its forbidden factors are Y ψ`R are the same as
(Lψ`R)
m`R , which appears to the right of Pj , because by definition Y ψ`R only depends on the relative position of factors to each
other, and not on the location of the projector Pj .
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Figure 9: Left: an irreducible causal tree pair drawn on the full factor graph. Right: the causal
graph. Note that the irreducible pair is chosen so that the causal graph is genus 2, and not 3.
4.4 Causal Graphs
Having proved Theorem 14, our next major goal is to prove Theorem 19: the perturbative fast scrambling
conjecture. In order to achieve this, we organize the irreducible causal tree pairs in terms of graphs.
Given (QL, QR) ∈ S2ji, the causal graph is defined as M = QL ∪QR.
When thinking of the causal graph as a factor subgraph of the Hamiltonian’s factor graph, it is
important to remember that the important information in each causal tree is the relative sequence of
factors that arises. We always take the causal graph to correspond to an indistinguishable causal tree
pair (QL, QR) whose union forms the graph of minimal genus. An example of a causal graph is shown
in Figure 9. As with causal trees, we say that two causal graphs are indistinguishable if they come from
indistinguishable causal tree pairs.
Recall that the genus g of a (factor) graph is defined as
g((V, F,E)) := |E|+ 1− |V | − |F |, (100)
and that g ≥ 0. A graph with g = 0 is simply connected, i.e. a tree [24]. Generically, a non-contractible
causal graph will be associated with multiple irreducible causal tree pairs. In Section 4.5, we will see
that the genus of the causal graph controls the order at 1/N at which a given irreducible causal tree pair
contributes to our bound on E[Cij(t)2].
In this section, we derive three useful properties of causal graphs for the proof of Theorem 19 below.
Proposition 16
If M is a causal graph, 0 ≤ g(M) ≤ N − 1.
Proof. There exists an irreducible causal tree pair (QL, QR) with M = QL ∪QR. Observe that in causal
tree QL, a factor X is the first to hit a node in a creeping sequence if and only if degQL(X) > 1; clearly
the statement holds in QR also. It follows that the number of such vertices X is at most N − 1, since an
operator can only hit each node first a single time. Also, since (QL, QR) is irreducible, each factor X ∈M
must obey max(degQL(X),degQR(X)) > 1. These previous two results can be combined to conclude that
if QL,R = (V, F,EL,R), |EL ∪ ER| ≤ 2(N − 1). Since g(QL) = g(QR) = 0,
g(M) = |EL ∪ ER|+ 1− |V | − |F | = |EL ∪ ER| − |EL| = |(EL ∪ ER)− EL| ≤ N − 1. (101)
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The last inequality above follows from the fact that |(EL ∪ER)−EL| is less than or equal to the number
of factors in ER with degree larger than 1.
Proposition 17
Let (QL, QR) ∈ S2ji. Suppose M = QL ∪ QR and g(M) = g. Then there are at most 2g nodes or
factors of degree greater than 2:
|{a ∈ V ∪ F : deg(a) > 2}| ≤ 2g, (102)
with deg = degM , degQL or degQR .
Proof. Since QL,R ⊆ M , a proof for deg = degM suffices. Let y = |{a ∈ V ∪ F : deg(a) > 2}|. Since
(QL, QR) is irreducible, there are no factors in M of degree 1 and at most 2 nodes (i and j) of degree 1
in M . We complete the proof by combining
2|E ∩M | =
∑
v∈V ∩M
deg(v) +
∑
X∈F∩M
deg(X) ≥ y + 2(|V ∩M |+ |F ∩M |)− 2 (103)
with (100): |V ∩M |+ |F ∩M | − 1 = |E ∩M | − g.
Proposition 18
If M is a causal graph of genus g, then there are at least g + 1 factors in M .
Proof. Let (QL, QR) ∈ S2ji be an irreducible causal tree pair with M = QL ∪QR. If M has 1 factor, then
there is a unique path from i to j and so g(M) = 0.
We now prove the proposition by induction, and contradiction. Suppose that M is a causal graph,
|F ∩M | = g + 1 and g(M) = g + 1. Suppose that there is a node v ∈ V ∩M and a subset of edges
{(v,X1), (v,X2)} ⊂ E ∩M which can be removed from M : M ′ = M − (v, ∅, {(v,X1), (v,X2)}) remains
connected and causal. Since the factor set is unchanged, M ′ is a smaller graph formed from the union of
two smaller indistinguishable causal trees to QL,R. Hence M was not in fact a causal graph, contradicting
our assumptions.
Now suppose that we can remove a single edge from e ∈ E ∩ M : M ′ = M − (∅, ∅, {e}) remains
connected and causal. If e = (v,X) then X cannot contain the first appearance of v in any sequence of
T−1(QL,R). Hence M was not causal.
Since factor graphs are bipartite between nodes and factors, it is not possible to reduce the genus by
1 while retaining connectivity in any other way. This proves the proposition.
Intuitively, Proposition 18 states that the causal graph only becomes higher genus when creeping order
can be broken. This requires the insertion of an edge in between a chain of two other factors. A graph of
genus g − 1 with a sequence of two factors has at least g + 1 factors, consistent with the proposition.
4.5 Perturbative Proof of the Fast Scrambling Conjecture on Erdo¨s-Re´nyi Hypergraphs
We define KqN to be a model with all-to-all q-body interactions; or, more mathematically, the complete
q-local factor graph: let V = {1, . . . , N}, and
KqN :=
(
V, {X ∈ ZV2 : |X| = q}, {(i,X) : i ∈ X}
)
. (104)
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We define KqN (m) analogously to the above, except that we also attach a flavor index α ∈ {1, . . . ,m} to
each factor:
KqN (m) :=
(
V, {Yα : Y ∈ ZV2 , |X| = q, α ∈ {1, . . . ,m}}, {(i,X) : i ∈ X}
)
. (105)
In the quantum mechanical context, if all Hilbert spaces Hi have dimension d, it is natural to take
m = (d2 − 1)q: each “flavor” of factor corresponds to a possible orthogonal q-local Hermitian operator.
Theorem 19: Perturbative Fast Scrambling in Complete q-Local Models
Let E[· · · ] denote expectation value in a simple random Hamiltonian ensemble on KqN with ‖HX‖ = 1
and
J 2X ≤
J 2(q − 1)!
qN q−1
. (106)
Then for i 6= j ∈ V ,
E
[
Cij(t)
2
] ≤ eλ∗t
N
N−1∑
g=0
g!
(
6144e4(q − 1)3
qN
(J t)2eλ∗t
)g
(107)
with
λ∗ := 48J
√
q − 1
q
. (108)
Proof. We prove this theorem as follows. (1 ) First, we apply Theorem 14. We further loosen the bound
and sum over the left and right causal tree relatively independently. (2 ) We enumerate over all possible
creeping sequences behind the right causal trees for any given causal graph and left causal tree. (3 ) We
enumerate possible ways of embedding a casual graph of factors into the full factor graph G. (4 ) Then
we sum over all possible causal graphs arising from a given left causal tree. (5 ) We enumerate all possible
creeping sequences behind the left causal tree. We show that the genus of the causal graph controls the
power of 1N at which a term contributes to the bound. (6 ) Combining these combinatoric results for sums
over trees and further loosening the bound we arrive at the elegant formula (107).
Step 1: First we apply Theorem 14. Using the inequality
1
a!b!
≤ 2
a+b
(a+ b)!
(109)
we find that
E
[
Cij(t)
2
] ≤ E
 ∑
(QL,QR)∈S2ji
∑
ψ∈Ψ(QL,QR)
(2t)`L+`R
`L!`R!
∏
X∈ψ
|JX |

≤ E
 ∑
(QL,QR)∈S2ji
∑
ψ∈Ψ(QL,QR)
(4t)2`
(2`)!
∏
X∈ψ
|JX |
 = ∑
(QL,QR)∈S2ji
|Ψ(QL, QR)|(4t)
2`
(2`)!
∏
X∈QL
J 2X (110)
where we defined `R + `L := 2`: i.e. ` is the number of factors in the causal tree QL or QR. Intuitively,
in this step we have chosen to ignore the location of j in the sequences (ML,MR).
We found it challenging to enumerate |Ψ(QL, QR)| directly. An easier object to work with is
N (Q) := |{M = (i,X1, . . . , Xn) : T (M) = Q}|, (111)
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the number of distinct creeping sequences whose causal tree is Q. Clearly,
|Ψ(QL, QR)| ≤ (2`)!
`!2
N (QL)N (QR) < 22`N (QL)N (QR), (112)
as in the first inequality, we have counted all possible sequences, including those where (QL, QR) is not
irreducible. We have also not enforced the constraint that QL,R are causal trees of the same sequence
read in opposite orders. Hence we obtain
E
[
Cij(t)
2
]
<
∑
(QL,QR)∈S2ji
(8t)2`
(2`)!
∏
X∈QL
J 2XN (QL)N (QR)
<
∑
QL:(QL,QR)∈S2ji
for some QR
(8t)2`
(2`)!
N (QL)
∏
X∈QL
J 2X
∑
M :F∩M=F∩QL
∑
QR∈Tji
F∩M=F∩QR
N (QR)
<
N−1∑
g=0
∞∑
`=g+1
1
(2`)!
(
8J t
√
(q − 1)!
qN q−1
)2` ∑
QL:(QL,QR)∈S2ji
for some QR,
|F∩QL|=`
N (QL)
∑
M :g(M)=g
F∩M=F∩QL
∑
QR∈Tji
F∩M=F∩QR
N (QR) (113)
where in the second step above, we have further organized the sum by the way in which the graph M
arises from the factors of QL, and in the last step above we employed (106), and organized the sum by
the genus g of the causal graph and the number ` of factors in the irreducible causal tree pair. We also
employed Proposition 16 and Proposition 18 in the last line above to restrict the range of the sums over
g and `.
Step 2: What remains is to enumerate N (QR) and N (QL). First, keeping g and ` fixed, we will bound
the sum over all possible choices of QR using the following loose (but simple) result:
Lemma 20
Let M be a causal graph with g(M) = g. Then∑
QR∈Tji
F∩M=F∩QR
N (QR) < (6(g + 1))` (114)
Proof. Using Proposition 17, there are at most 2g nodes/factors of degree > 2 in M . For an ordinary
undirected graph, the largest number of edges in a genus g graph where all vertices have degree > 2 is
3g − 1, using (100). This implies that the actual causal graph can be constructed by joining together
at most 3g + 1 linear subgraphs consisting of alternating nodes and factors: (1 ) segments γi and γj
may contain i and j as endpoints respectively, but then must be traversed in a fixed creeping order; (2 )
otherwise, there are line segments γ1, . . . , γ3g−1, which a priori can be traversed in creeping order from
both endpoints simultaneously. Let us write `i and `j to be the number of factors in γi and γj respectively,
and `1,2k for 1 ≤ k ≤ 3g − 1 to be the number of factors on 2 line segments in γk, along which creeping
order is enforced. Clearly, `1k + `
2
k = `(γk). See Figure 10 for a demonstration.
Suppose g > 0, and consider the inequalities∑
QR∈Tji
F∩M=F∩QR
N (QR) <
∑
`i,`j ,`1k,`
k
2
`!
`i!`j !
3g−1∏
k=1
I
(
`1k + `
2
k = `(γk)
)
`1k!`
2
k!
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<latexit sha1_base64="GMBaDVIr3k5uSB/G9nwFFF9Uqpw=">AAAB83i cbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYC9CwYvHCrYWmlg220m7dLMJuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/ UD48auskUwxbLBGJ6oRUo+ASW4YbgZ1UIY1DgQ/h6GbmPzyh0jyR92acYhDTgeQRZ9RYyfdRiMdazyPX5KJXrrhVdw6ySrycVCBHs1f+8vsJy2KUhgmqd ddzUxNMqDKcCZyW/ExjStmIDrBrqaQx6mAyv3lKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxPVgwmXaWZQssWiKBPEJGQWAOlzhcyIsSWUKW 5vJWxIFWXGxlSyIXjLL6+Sdq3quVXv7rLSqOdxFOEETuEcPLiCBtxCE1rAIIVneIU3J3NenHfnY9FacPKZY/gD5/MHBYeQUQ==</latexit><latexit sha1_base64="GMBaDVIr3k5uSB/G9nwFFF9Uqpw=">AAAB83i cbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYC9CwYvHCrYWmlg220m7dLMJuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/ UD48auskUwxbLBGJ6oRUo+ASW4YbgZ1UIY1DgQ/h6GbmPzyh0jyR92acYhDTgeQRZ9RYyfdRiMdazyPX5KJXrrhVdw6ySrycVCBHs1f+8vsJy2KUhgmqd ddzUxNMqDKcCZyW/ExjStmIDrBrqaQx6mAyv3lKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxPVgwmXaWZQssWiKBPEJGQWAOlzhcyIsSWUKW 5vJWxIFWXGxlSyIXjLL6+Sdq3quVXv7rLSqOdxFOEETuEcPLiCBtxCE1rAIIVneIU3J3NenHfnY9FacPKZY/gD5/MHBYeQUQ==</latexit><latexit sha1_base64="GMBaDVIr3k5uSB/G9nwFFF9Uqpw=">AAAB83i cbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYC9CwYvHCrYWmlg220m7dLMJuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/ UD48auskUwxbLBGJ6oRUo+ASW4YbgZ1UIY1DgQ/h6GbmPzyh0jyR92acYhDTgeQRZ9RYyfdRiMdazyPX5KJXrrhVdw6ySrycVCBHs1f+8vsJy2KUhgmqd ddzUxNMqDKcCZyW/ExjStmIDrBrqaQx6mAyv3lKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxPVgwmXaWZQssWiKBPEJGQWAOlzhcyIsSWUKW 5vJWxIFWXGxlSyIXjLL6+Sdq3quVXv7rLSqOdxFOEETuEcPLiCBtxCE1rAIIVneIU3J3NenHfnY9FacPKZY/gD5/MHBYeQUQ==</latexit><latexit sha1_base64="GMBaDVIr3k5uSB/G9nwFFF9Uqpw=">AAAB83i cbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYC9CwYvHCrYWmlg220m7dLMJuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/ UD48auskUwxbLBGJ6oRUo+ASW4YbgZ1UIY1DgQ/h6GbmPzyh0jyR92acYhDTgeQRZ9RYyfdRiMdazyPX5KJXrrhVdw6ySrycVCBHs1f+8vsJy2KUhgmqd ddzUxNMqDKcCZyW/ExjStmIDrBrqaQx6mAyv3lKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MxPVgwmXaWZQssWiKBPEJGQWAOlzhcyIsSWUKW 5vJWxIFWXGxlSyIXjLL6+Sdq3quVXv7rLSqOdxFOEETuEcPLiCBtxCE1rAIIVneIU3J3NenHfnY9FacPKZY/gD5/MHBYeQUQ==</latexit>
`12 = 0
<latexit sha1_base64="dD0TcHcQ/7lbEdlarxwemE6V+lw=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwqSNmCyEghuXFewDmlgm00k7dDIJMxOhlP6GGxeKuPVn3Pk3TtoKKnrgwuGce7n3nijjTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FZpLgltkZSnshthRTkTtKWZ5rSbSYqTiNNONL4q/M49lYql4lZPMhomeChYzAjWRgoCyvmd06/BS4j6lSqyXd+v+3WI7HPk+l5BjOK5PnRsNEcVL NHsV96DQUryhApNOFaq56BMh1MsNSOczspBrmiGyRgPac9QgROqwun85hk8NcoAxqk0JTScq98npjhRapJEpjPBeqR+e4X4l9fLdeyFUyayXFNBFovinE OdwiIAOGCSEs0nhmAimbkVkhGWmGgTU9mE8PUp/J+0a7aDbOfGrTa8ZRwlcAxOwBlwwAVogGvQBC1AQAYewBN4tnLr0XqxXhetK9Zy5gj8gPX2CZ57kLs =</latexit><latexit sha1_base64="dD0TcHcQ/7lbEdlarxwemE6V+lw=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwqSNmCyEghuXFewDmlgm00k7dDIJMxOhlP6GGxeKuPVn3Pk3TtoKKnrgwuGce7n3nijjTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FZpLgltkZSnshthRTkTtKWZ5rSbSYqTiNNONL4q/M49lYql4lZPMhomeChYzAjWRgoCyvmd06/BS4j6lSqyXd+v+3WI7HPk+l5BjOK5PnRsNEcVL NHsV96DQUryhApNOFaq56BMh1MsNSOczspBrmiGyRgPac9QgROqwun85hk8NcoAxqk0JTScq98npjhRapJEpjPBeqR+e4X4l9fLdeyFUyayXFNBFovinE OdwiIAOGCSEs0nhmAimbkVkhGWmGgTU9mE8PUp/J+0a7aDbOfGrTa8ZRwlcAxOwBlwwAVogGvQBC1AQAYewBN4tnLr0XqxXhetK9Zy5gj8gPX2CZ57kLs =</latexit><latexit sha1_base64="dD0TcHcQ/7lbEdlarxwemE6V+lw=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwqSNmCyEghuXFewDmlgm00k7dDIJMxOhlP6GGxeKuPVn3Pk3TtoKKnrgwuGce7n3nijjTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FZpLgltkZSnshthRTkTtKWZ5rSbSYqTiNNONL4q/M49lYql4lZPMhomeChYzAjWRgoCyvmd06/BS4j6lSqyXd+v+3WI7HPk+l5BjOK5PnRsNEcVL NHsV96DQUryhApNOFaq56BMh1MsNSOczspBrmiGyRgPac9QgROqwun85hk8NcoAxqk0JTScq98npjhRapJEpjPBeqR+e4X4l9fLdeyFUyayXFNBFovinE OdwiIAOGCSEs0nhmAimbkVkhGWmGgTU9mE8PUp/J+0a7aDbOfGrTa8ZRwlcAxOwBlwwAVogGvQBC1AQAYewBN4tnLr0XqxXhetK9Zy5gj8gPX2CZ57kLs =</latexit><latexit sha1_base64="dD0TcHcQ/7lbEdlarxwemE6V+lw=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwqSNmCyEghuXFewDmlgm00k7dDIJMxOhlP6GGxeKuPVn3Pk3TtoKKnrgwuGce7n3nijjTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FZpLgltkZSnshthRTkTtKWZ5rSbSYqTiNNONL4q/M49lYql4lZPMhomeChYzAjWRgoCyvmd06/BS4j6lSqyXd+v+3WI7HPk+l5BjOK5PnRsNEcVL NHsV96DQUryhApNOFaq56BMh1MsNSOczspBrmiGyRgPac9QgROqwun85hk8NcoAxqk0JTScq98npjhRapJEpjPBeqR+e4X4l9fLdeyFUyayXFNBFovinE OdwiIAOGCSEs0nhmAimbkVkhGWmGgTU9mE8PUp/J+0a7aDbOfGrTa8ZRwlcAxOwBlwwAVogGvQBC1AQAYewBN4tnLr0XqxXhetK9Zy5gj8gPX2CZ57kLs =</latexit>
`22 = 2
<latexit sha1_base64="ZnkhsdFRy++xbgGtdEtaOtV8u68=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwiS0tS6EghuXFewDmlgm00k7dDIJMxOhhP6GGxeKuPVn3Pk3TtoIKnrgwuGce7n3niDhTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML3K/d49lYrF4lbPEupHeCxYyAjWRvI8yvmdO3ThJXSHlSqyL5DrNBBENlogJ/V6w61Bp1CqoEB7W Hn3RjFJIyo04VipgYMS7WdYakY4nZe9VNEEkyke04GhAkdU+dni5jk8NcoIhrE0JTRcqN8nMhwpNYsC0xlhPVG/vVz8yxukOmz6GRNJqqkgy0VhyqGOYR 4AHDFJieYzQzCRzNwKyQRLTLSJqWxC+PoU/k+6ru0g27mpVVvNIo4SOAYn4Aw44By0wDVogw4gIAEP4Ak8W6n1aL1Yr8vWFauYOQI/YL19Aj9TkHk=</l atexit><latexit sha1_base64="ZnkhsdFRy++xbgGtdEtaOtV8u68=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwiS0tS6EghuXFewDmlgm00k7dDIJMxOhhP6GGxeKuPVn3Pk3TtoIKnrgwuGce7n3niDhTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML3K/d49lYrF4lbPEupHeCxYyAjWRvI8yvmdO3ThJXSHlSqyL5DrNBBENlogJ/V6w61Bp1CqoEB7W Hn3RjFJIyo04VipgYMS7WdYakY4nZe9VNEEkyke04GhAkdU+dni5jk8NcoIhrE0JTRcqN8nMhwpNYsC0xlhPVG/vVz8yxukOmz6GRNJqqkgy0VhyqGOYR 4AHDFJieYzQzCRzNwKyQRLTLSJqWxC+PoU/k+6ru0g27mpVVvNIo4SOAYn4Aw44By0wDVogw4gIAEP4Ak8W6n1aL1Yr8vWFauYOQI/YL19Aj9TkHk=</l atexit><latexit sha1_base64="ZnkhsdFRy++xbgGtdEtaOtV8u68=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwiS0tS6EghuXFewDmlgm00k7dDIJMxOhhP6GGxeKuPVn3Pk3TtoIKnrgwuGce7n3niDhTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML3K/d49lYrF4lbPEupHeCxYyAjWRvI8yvmdO3ThJXSHlSqyL5DrNBBENlogJ/V6w61Bp1CqoEB7W Hn3RjFJIyo04VipgYMS7WdYakY4nZe9VNEEkyke04GhAkdU+dni5jk8NcoIhrE0JTRcqN8nMhwpNYsC0xlhPVG/vVz8yxukOmz6GRNJqqkgy0VhyqGOYR 4AHDFJieYzQzCRzNwKyQRLTLSJqWxC+PoU/k+6ru0g27mpVVvNIo4SOAYn4Aw44By0wDVogw4gIAEP4Ak8W6n1aL1Yr8vWFauYOQI/YL19Aj9TkHk=</l atexit><latexit sha1_base64="ZnkhsdFRy++xbgGtdEtaOtV8u68=">AAAB83i cdVDLSsNAFJ34rPVVdelmsAiuwiS0tS6EghuXFewDmlgm00k7dDIJMxOhhP6GGxeKuPVn3Pk3TtoIKnrgwuGce7n3niDhTGmEPqyV1bX1jc3SVnl7Z3dv v3Jw2FVxKgntkJjHsh9gRTkTtKOZ5rSfSIqjgNNeML3K/d49lYrF4lbPEupHeCxYyAjWRvI8yvmdO3ThJXSHlSqyL5DrNBBENlogJ/V6w61Bp1CqoEB7W Hn3RjFJIyo04VipgYMS7WdYakY4nZe9VNEEkyke04GhAkdU+dni5jk8NcoIhrE0JTRcqN8nMhwpNYsC0xlhPVG/vVz8yxukOmz6GRNJqqkgy0VhyqGOYR 4AHDFJieYzQzCRzNwKyQRLTLSJqWxC+PoU/k+6ru0g27mpVVvNIo4SOAYn4Aw44By0wDVogw4gIAEP4Ak8W6n1aL1Yr8vWFauYOQI/YL19Aj9TkHk=</l atexit>
`13 = 1
<latexit sha1_base64="UUgm89bPUuButsxRMwADvXQFTuU=">AAAB83i cdVDLSgMxFM34rPVVdekmWARXQ6a2droQCm5cVrAP6Iwlk962oZkHSUYoQ3/DjQtF3Poz7vwb04egoudy4XDOveTmBIngShPyYa2srq1vbOa28ts7u3v7 hYPDlopTyaDJYhHLTkAVCB5BU3MtoJNIoGEgoB2Mr2Z++x6k4nF0qycJ+CEdRnzAGdVG8jwQ4s7pneNL7PQKRWLX3FqZVDGxK8TUhSGk5JZIBTs2maOIl mj0Cu9eP2ZpCJFmgirVdUii/YxKzZmAad5LFSSUjekQuoZGNATlZ/Obp/jUKH08iKXpSOO5+n0jo6FSkzAwkyHVI/Xbm4l/ed1UD1w/41GSaojY4qFBKr CO8SwA3OcSmBYTQyiT3NyK2YhKyrSJKW9C+Pop/p+0SrZDbOemXKy7yzhy6BidoDPkoCqqo2vUQE3EUIIe0BN6tlLr0XqxXhejK9Zy5wj9gPX2CXFKkJs =</latexit><latexit sha1_base64="UUgm89bPUuButsxRMwADvXQFTuU=">AAAB83i cdVDLSgMxFM34rPVVdekmWARXQ6a2droQCm5cVrAP6Iwlk962oZkHSUYoQ3/DjQtF3Poz7vwb04egoudy4XDOveTmBIngShPyYa2srq1vbOa28ts7u3v7 hYPDlopTyaDJYhHLTkAVCB5BU3MtoJNIoGEgoB2Mr2Z++x6k4nF0qycJ+CEdRnzAGdVG8jwQ4s7pneNL7PQKRWLX3FqZVDGxK8TUhSGk5JZIBTs2maOIl mj0Cu9eP2ZpCJFmgirVdUii/YxKzZmAad5LFSSUjekQuoZGNATlZ/Obp/jUKH08iKXpSOO5+n0jo6FSkzAwkyHVI/Xbm4l/ed1UD1w/41GSaojY4qFBKr CO8SwA3OcSmBYTQyiT3NyK2YhKyrSJKW9C+Pop/p+0SrZDbOemXKy7yzhy6BidoDPkoCqqo2vUQE3EUIIe0BN6tlLr0XqxXhejK9Zy5wj9gPX2CXFKkJs =</latexit><latexit sha1_base64="UUgm89bPUuButsxRMwADvXQFTuU=">AAAB83i cdVDLSgMxFM34rPVVdekmWARXQ6a2droQCm5cVrAP6Iwlk962oZkHSUYoQ3/DjQtF3Poz7vwb04egoudy4XDOveTmBIngShPyYa2srq1vbOa28ts7u3v7 hYPDlopTyaDJYhHLTkAVCB5BU3MtoJNIoGEgoB2Mr2Z++x6k4nF0qycJ+CEdRnzAGdVG8jwQ4s7pneNL7PQKRWLX3FqZVDGxK8TUhSGk5JZIBTs2maOIl mj0Cu9eP2ZpCJFmgirVdUii/YxKzZmAad5LFSSUjekQuoZGNATlZ/Obp/jUKH08iKXpSOO5+n0jo6FSkzAwkyHVI/Xbm4l/ed1UD1w/41GSaojY4qFBKr CO8SwA3OcSmBYTQyiT3NyK2YhKyrSJKW9C+Pop/p+0SrZDbOemXKy7yzhy6BidoDPkoCqqo2vUQE3EUIIe0BN6tlLr0XqxXhejK9Zy5wj9gPX2CXFKkJs =</latexit><latexit sha1_base64="UUgm89bPUuButsxRMwADvXQFTuU=">AAAB83i cdVDLSgMxFM34rPVVdekmWARXQ6a2droQCm5cVrAP6Iwlk962oZkHSUYoQ3/DjQtF3Poz7vwb04egoudy4XDOveTmBIngShPyYa2srq1vbOa28ts7u3v7 hYPDlopTyaDJYhHLTkAVCB5BU3MtoJNIoGEgoB2Mr2Z++x6k4nF0qycJ+CEdRnzAGdVG8jwQ4s7pneNL7PQKRWLX3FqZVDGxK8TUhSGk5JZIBTs2maOIl mj0Cu9eP2ZpCJFmgirVdUii/YxKzZmAad5LFSSUjekQuoZGNATlZ/Obp/jUKH08iKXpSOO5+n0jo6FSkzAwkyHVI/Xbm4l/ed1UD1w/41GSaojY4qFBKr CO8SwA3OcSmBYTQyiT3NyK2YhKyrSJKW9C+Pop/p+0SrZDbOemXKy7yzhy6BidoDPkoCqqo2vUQE3EUIIe0BN6tlLr0XqxXhejK9Zy5wj9gPX2CXFKkJs =</latexit>
`23 = 3
<latexit sha1_base64="+Q1WDrW5KQmPacDhzHP2hNqY2O0=">AAAB83i cdVDLSsNAFJ3UV62vqks3g0VwFSaNYroQCm5cVrAPaGKZTCft0MkkzEyEEvobblwo4tafceffOG0jqOiBC4dz7uXee8KUM6UR+rBKK6tr6xvlzcrW9s7u XnX/oKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHI197v3VCqWiFs9TWkQ45FgESNYG8n3Ked39YELL6E7qNaQfe40XA9BZKMFDKk3PM91oFMoNVCgN ai++8OEZDEVmnCsVN9BqQ5yLDUjnM4qfqZoiskEj2jfUIFjqoJ8cfMMnhhlCKNEmhIaLtTvEzmOlZrGoemMsR6r395c/MvrZzrygpyJNNNUkOWiKONQJ3 AeABwySYnmU0MwkczcCskYS0y0ialiQvj6FP5POnXbQbZzc1ZrekUcZXAEjsEpcMAFaIJr0AJtQEAKHsATeLYy69F6sV6XrSWrmDkEP2C9fQJa+ZCM</l atexit><latexit sha1_base64="+Q1WDrW5KQmPacDhzHP2hNqY2O0=">AAAB83i cdVDLSsNAFJ3UV62vqks3g0VwFSaNYroQCm5cVrAPaGKZTCft0MkkzEyEEvobblwo4tafceffOG0jqOiBC4dz7uXee8KUM6UR+rBKK6tr6xvlzcrW9s7u XnX/oKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHI197v3VCqWiFs9TWkQ45FgESNYG8n3Ked39YELL6E7qNaQfe40XA9BZKMFDKk3PM91oFMoNVCgN ai++8OEZDEVmnCsVN9BqQ5yLDUjnM4qfqZoiskEj2jfUIFjqoJ8cfMMnhhlCKNEmhIaLtTvEzmOlZrGoemMsR6r395c/MvrZzrygpyJNNNUkOWiKONQJ3 AeABwySYnmU0MwkczcCskYS0y0ialiQvj6FP5POnXbQbZzc1ZrekUcZXAEjsEpcMAFaIJr0AJtQEAKHsATeLYy69F6sV6XrSWrmDkEP2C9fQJa+ZCM</l atexit><latexit sha1_base64="+Q1WDrW5KQmPacDhzHP2hNqY2O0=">AAAB83i cdVDLSsNAFJ3UV62vqks3g0VwFSaNYroQCm5cVrAPaGKZTCft0MkkzEyEEvobblwo4tafceffOG0jqOiBC4dz7uXee8KUM6UR+rBKK6tr6xvlzcrW9s7u XnX/oKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHI197v3VCqWiFs9TWkQ45FgESNYG8n3Ked39YELL6E7qNaQfe40XA9BZKMFDKk3PM91oFMoNVCgN ai++8OEZDEVmnCsVN9BqQ5yLDUjnM4qfqZoiskEj2jfUIFjqoJ8cfMMnhhlCKNEmhIaLtTvEzmOlZrGoemMsR6r395c/MvrZzrygpyJNNNUkOWiKONQJ3 AeABwySYnmU0MwkczcCskYS0y0ialiQvj6FP5POnXbQbZzc1ZrekUcZXAEjsEpcMAFaIJr0AJtQEAKHsATeLYy69F6sV6XrSWrmDkEP2C9fQJa+ZCM</l atexit><latexit sha1_base64="+Q1WDrW5KQmPacDhzHP2hNqY2O0=">AAAB83i cdVDLSsNAFJ3UV62vqks3g0VwFSaNYroQCm5cVrAPaGKZTCft0MkkzEyEEvobblwo4tafceffOG0jqOiBC4dz7uXee8KUM6UR+rBKK6tr6xvlzcrW9s7u XnX/oKOSTBLaJglPZC/EinImaFszzWkvlRTHIafdcHI197v3VCqWiFs9TWkQ45FgESNYG8n3Ked39YELL6E7qNaQfe40XA9BZKMFDKk3PM91oFMoNVCgN ai++8OEZDEVmnCsVN9BqQ5yLDUjnM4qfqZoiskEj2jfUIFjqoJ8cfMMnhhlCKNEmhIaLtTvEzmOlZrGoemMsR6r395c/MvrZzrygpyJNNNUkOWiKONQJ3 AeABwySYnmU0MwkczcCskYS0y0ialiQvj6FP5POnXbQbZzc1ZrekUcZXAEjsEpcMAFaIJr0AJtQEAKHsATeLYy69F6sV6XrSWrmDkEP2C9fQJa+ZCM</l atexit>
`14 = 1
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Figure 10: An example of how we overcount all possible ways of traversing QR in Lemma 20. The
thick dotted lines denote edges in QR which put additional constraints on the relative ordering
of factors which we have not accounted for. The thin dotted lines denote edges in QL and M
(but not QR) which are not traversed. We have labeled each `
1,2
k and `i,j with a unique color for
clarity.
<
∞∑
m1,...,m6g=0
I
(
` =
6g∑
k=1
mk
)
`!
6g∏
k=1
1
mk!
= (6g)`. (115)
In the first line, the inequality comes from the fact that the right hand side counts numerous sequences
which are not globally creeping. In the second line, we have relaxed the constraints on the lengths of each
(pair of) line segments, and simply summed over all possible causal trees on all topologically equivalent
graphs M . The multinomial theorem was used to simplify the final answer. If g = 0, then there is a
unique choice of QR and a unique ordering of factors which is creeping. Combining this fact with (115)
we obtain (114).
Step 3: The following two steps are summarized in Figure 11. We will sum over the possible ways to
choose trees QL and causal graphs M as follows: in (113), we replace∑
QL:(QL,QR)∈S2ji
for some QR,
|F∩QL|=`
N (QL)
∑
M :g(M)=g
F∩M=F∩QL
=
∑
QL∈Tji/ı
|F∩QL|=`
N (QL)
∑
M/ı
g(M)=g
F∩M=F∩QL
∑
ı
(116)
In this equation ı is the “inclusion” of the irreducible causal tree pair of factors (QL, QR) into the full
factor graph G = (V, F,E).
The reason for including a sum over ı is that two isomorphic causal graphs of factors can have non-
isomorphic embeddings into the full factor graph depending on what nodes are shared in common: see
Figure 11. We then further write ∑
ı
=
∑
(M↪→G)/SN−2
∑
SN−2
(117)
where SN−2 denotes the action of the permutation group on the nodes V keeping i and j fixed, and
M ↪→ G/SN−2 denotes the number of non-isomorphic subgraphs of a factor graph which come from
identical causal graphs of factors alone.
We first bound the sum over permutations SN−2 as follows:∑
SN−2, given M⊆G
1 ≤ N |V ∩M |−2 ×
∏
X∈F∩M
N q−|∂MX|
(q − |∂MX|)!
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Figure 11: A demonstration of the splitting of sums in Steps 3-4 of the proof of Theorem 19.
Note that the numbering on factors is used to denote the order in which they appear in ML.
Also note that in the last step, we have allowed the same node to show up in “forgotten” vertices
multiple times, as this need not contribute higher genus to the causal graph.
≤ N |V ∩M |−2 ×
∏
X∈F∩M
N q−|∂MX|
(q − 2)! (q − 1)
|∂MX|−2
≤ (q − 1)|E∩M |−2` × N
|V ∩M |−2+q`−|E∩M |
(q − 2)!`
≤ (q − 1)g−`+|V ∩M |−1 × N
(q−1)`−1−g
(q − 2)!` =
(
N q−1
(q − 2)!
)`
1
(q − 1)N
(
(q − 1)2
N
)g
. (118)
In the first line, the first factor corresponds to the choice of all vertices in V ∩M −{i, j}, and the second
factor corresponds to the number of ways to choose any nodes for the factors of degree 1 (which are not
included in the irreducible causal graph). Recall that ∂MX is the degree of factor X in the subgraph
M ⊆ G. In the second line, we used the fact that the only factor which can have degree 1 contains
j (and if it has degree 1, then j must appear as a node of that factor), to replace the inequality by a
simpler one to manipulate. In the third line, we used the fact that factor graphs are bipartite to replace∑
X |∂MX| = |E ∩M |, along with |F ∩M | = `. In the final line, we used (100) together with the simple
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inequality
|V ∩M | ≤ g + ` (119)
to simplify the answer.
The sum over non-isomorphic embeddings is related to the question of which factors share which
nodes, together with the location of j. An extremely simple way to bound this is as follows: firstly, there
are at most (q − 1)` factors in V ∩M − i, which we could assign to j. Secondly, since there are `+ g − 1
edges between factors in M (unembedded in G), we may bound
`− 1 ≤ |V ∩M | − 2 ≤ `+ g − 1. (120)
For any fixed value of |V ∩M |, we may allocate all of these nodes (except possibly i and j) to the edges
between factors in the causal graph of factors. Using the multinomial theorem:
∑
(M↪→G)/SN−2
1 ≤ (q − 1)`×
`−1+g∑
m=`−1
`+g−1∑
k1,...,km=1
(`+ g − 1)!
m!
m∏
n=1
1
kn!
< (q − 1)`
`−1+g∑
m=`−1
m`+g−1
m!
< (q − 1)`e`+g. (121)
The first factor above corresponded to the placement of j, and the second to the possible ways to share
vertices between the factors in the causal graph.
Step 4: Next, we will perform the sum over all causal graphs M which can arise given a fixed causal
tree QL, up to the inclusion ı into the full factor graph G. This is easy to enumerate: as we are now
considering the orderings of factors alone, we simply choose g pairs of factors (or node i) and add an edge
between them. Accounting for a permutation symmetry factor of 2gg!:∑
M/ı
g(M)=g
F∩M=F∩QL
1 ≤ (`+ 1)
2g
2gg!
(122)
Keep in mind that all of the edges we have added are implicitly understood to be part of the right causal
tree QR. Using the fact that there is a unique choice of M at each genus g when the number of factors is
` = 1 or 2, we can further simplify (122) to ∑
M/ı
g(M)=g
F∩M=F∩QL
1 ≤ `
2g
g!
(123)
Step 5: Next, we will bound N (QL) for all possible trees at fixed g and `, up to (factor) graph
isomorphism. We define the number of branches of a causal tree to be the number of nodes or factors of
degree 1, not including i. Using Proposition 17 to constrain b ≤ 2g + 1, we then write
∑
QL∈Tji/SN−2
|F∩QL|=`
N (QL) ≤
2g+1∑
b=1
N (b, `), (124)
where N (b, `) is the number of creeping sequences of ` factors whose causal tree has b branches, up to
graph isomorphism.
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Lemma 21
N (b, `) < b`. (125)
Proof. We follow standard generating function techniques [30]. Define
A(t, x) :=
∞∑
n=1
∞∑
`=1
xnt`
`!
N (b, `) (126a)
We will derive a recursive equation for A(t, x). Observe that N (b, `) is also the number of creeping
sequences with length `+ 1 factors, assuming that the first factor in the creeping sequence is the only one
to contain i. A generating function for the number of these creeping sequences is given by
A0(t, x) = xt+
t∫
0
dt′ A(t′, x) = xt+
∞∑
b=1
∞∑
`=1
xbt`+1
(`+ 1)!
N (b, `). (127)
The first factor of xt is because a two vertex graph needs to be counted in A0, but there is no one vertex
graph counted in A.
Next, we claim that A0 obeys the following differential equation:
∂
∂t
A0 = x+
∞∑
n=1
An0
n!
= x+ eA0 − 1. (128)
To understand why, note that the left hand side of (128) corresponds to removing the unique choice of first
factor. On the right hand side, we are faced with the two possible outcomes: (1 ) there are no remaining
factors, in which case we are left with ∂∂t(xt) = x, or (2 ) there are n factors which can appear next. Each
of these n factors itself gives rise to a causal subtree generated by a creeping sequence whose first factor
is fixed. Now suppose that these subtrees had N˜1, . . . , N˜n ways of growing. Then the number of ways of
growing their union is given by
N˜tot = 1
n!
× (`1 + · · ·+ `n)!
`1! · · · `n! N˜1 · · · N˜n. (129)
Due to permutation symmetry among the n subtrees, we must divide by 1n! . Putting this all together,
and adding back the factors of x and t to form a generating function, we obtain (128).
Solving (128) with initial condition A0(0, x) = 0, we find
t =
1
1− x log
1− (1− x)e−A0(t,x)
x
(130)
Using (127) and (130) we obtain
A(t, x) =
∞∑
b=1
∞∑
`=1
xbt`
`!
N (b, `) = xe
t − xetx
etx − xet . (131)
Since N (b, `) ≥ 0, consider the generating function
A˜∗(t, x) :=
∞∑
`=1
xbt`
`!
N˜∗(b, `) := A˜
(
t
1− x, x
)
=
xet − x
1− xet . (132)
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which encodes a sequence obeying N (b, `) ≤ N˜∗(b, `). Since
N˜∗(b, `) = b` − (b− 1)` < b`, (133)
and since a tree with b branches clearly needs at least ` edges, we obtain (125).
Step 6: We now combine all of the results above to obtain
E
[
Cij(t)
2
]
<
N−1∑
g=0
∞∑
`=g+1
1
(2`)!
(
8J t
√
(q − 1)!
qN q−1
)2` ∑
SN−2
∑
QL∈Tji/SN−2
|F∩QL|=`
N (QL)
∑
M/SN−2
g(M)=g
F∩M=F∩QL
(6(g + 1))`
<
N−1∑
g=0
∞∑
`=g+1
1
(2`)!
(
8J t
√
(q − 1)!
qN q−1
)2`(
6e(g + 1)N q−1
(q − 2)!
)`(
e(q − 1)2`2
N
)g
`
g!N
2g+1∑
b=1
b`
<
N−1∑
g=0
∞∑
`=g+1
1
(2`)!
(
8J t
√
(q − 1)!
qN q−1
)2`(
12e(g + 1)2N q−1
(q − 2)!
)`(
e(q − 1)2`2
N
)g
1
g!N
<
1
N
N−1∑
g=0
∞∑
`=g+1
1
(2`)!g!N
(
e(q − 1)2`2
N
)g (
48(g + 1)J t
√
q − 1
q
)2`
<
1
N
N−1∑
g=0
∞∑
m=1
g!
(
6144e4(q − 1)3
qN
(J t)2
)g
1
(2m)!
(
48(g + 1)J t
√
q − 1
q
)2m
<
eλ∗t
N
N−1∑
g=0
g!
(
6144e4(q − 1)3
qN
(J t)2eλ∗t
)g
(134)
where in the first line we used Lemma 20, in the second line we used Lemma 21, (118), (121) and (123),
in the third line we used
2g+1∑
b=1
b` <
2g+2∫
1
dxx` <
(2g + 2)`
`
, (135)
in the fifth line we used that when ` > g,
`2g(g + 1)2g
g!(2`)!
<
(2e2(g + 1))g
(2(`− g))! <
2ge3gg!
(2(`− g))! (136)
and in the last line we used (108).
Let G(V,m) be the set of all possible factor graphs with node set V with up to m distinct factors X ∈ F
with identical neighbors ∂X. We define the probability space GV (q, k,m) := (G(V,m), σ(G(V,m)), µq,k)
as follows:
µq,k [{(V, F,E)}] =
∏
X∈F
(
I(|X| = q)(q − 1)!k
N q−1m
)
(137)
This is called an Erdo¨s-Re´nyi random hypergraph ensemble of factor graphs [31]. Note that the proba-
bility measure µq,k corresponds to independently choosing each possible degree q factor with probability
(q−1)!(N−q)!k
(N−1)! , such that EG[|∂i|] = k + O( 1N ) for any i ∈ V .
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Corollary 22: Perturbative Fast Scrambling on Erdo¨s-Re´nyi Hypergraphs
Let Eq,k denote expectation value in GV (m, q, k), with q = O(N0). For any G ∈ GV , let EG[· · · ]
denote expectation value in a simple random Hamiltonian ensemble on G with ‖HX‖ = 1 and
J 2X ≤
J 2
qk
. (138)
Then Eq,k[EG[Cij(t)2]] is bounded by (107) and (108).
Proof. Let (V, F,E) ∈ G(V,m). For X ∈ F , define the independent random variables7
ZX ∼ Bernoulli
(
I(|X| = q)(q − 1)!k
N q−1m
)
. (139)
It is convenient to think about the problem not on the factor graph G, but instead on the complete
factor graph KqN (m) with m flavors, with coupling constants ZXJX . Using Theorem 14, and the fact that
ZX = Z
2
X ,
Eq,k
[
EG
[
Cij(t)
2
]] ≤ Eq,k
EG
 ∑
(QL,QR)∈S2ji(KqN (m))
∑
ψ∈Ψ(QL,QR)
(2t)`L+`R
`L!`R!
∏
X∈ψ
(ZX |JX |)


≤ EKqN (m)
 ∑
(QL,QR)∈S2ji(KqN (m))
∑
ψ∈Ψ(QL,QR)
(2t)`L+`R
`L!`R!
∏
X∈QL
(
Eq,k(ZX)J2X
)
≤
∑
(QL,QR)∈S2ji(KqN (m))
∑
ψ∈Ψ(QL,QR)
(2t)`L+`R
`L!`R!
∏
X∈QL
J 2
qk
(q − 1)!k
mN q−1
≤
∑
(QL,QR)∈S2ji(KqN )
∑
ψ∈Ψ(QL,QR)
(2t)`L+`R
`L!`R!
∏
X∈QL
J 2
q
(q − 1)!
N q−1
(140)
where in the second line we used linearity of expectation value and independence of ZX , in the third
line we used (138) and (139), and in the last line we used that there are m`(QL) causal trees in KqN (m)
connecting the same nodes (in the same order) as there are in KqN . The last line above is equivalent to
(110), except that we have not yet simplified the sum over Ψ(QL, QR). The rest of the proof of Theorem 19
hence applies.
We now discuss the implication of Theorem 19 and Corollary 22. While the bound (107) appears to
be an asymptotic series as N → ∞, it is absolutely convergent for times λLt ≤ a, with a = O(N0). To
see this, use the identity g! < Ng in (107), which holds for g < N :
E
[
Cij(t)
2
] ≤ q eλ∗t
N
N−1∑
g=0
(
6144e4(q − 1)2(J t)2eλ∗t
)g
< q
eλ∗t
N
[
1− 6144e4(q − 1)2(J t)2eλ∗t
]−1
. (141)
7If Z ∼ Bernoulli(p), P(Z = 0) = 1− p and P(Z = 1) = p.
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Note we have also simplified the formula slightly using q−1(q− 1)3 < (q− 1)2. Even in the limit N →∞,
this Taylor series converged for short times, since as t → 0, teλ∗t → 0, as t → 0 the bound lies within
the radius of absolute convergence of the series. Unfortunately, this radius of convergence is too small to
prove (1).
Corollary 22 implies that a typical Hamiltonian in a simple random Hamiltonian ensemble a typical8
q-local factor graph of arbitrary degree is a fast scrambler to almost any order in perturbation theory:
for any genus g = O(N1−a) with a > 0, we find an operator scrambling time tδs = O(a logN). After all,
if we truncate the genus expansion at order g∗ = AN1−a ∈ Z, with A = O(N0):
E
[
Cij(t)
2
] ≤ q eλ∗t
N
g∗∑
g=0
g!
(
6144e4(q − 1)2
N
(J t)2eλ∗t
)g
+ O
(
1
N2+g∗
)
< q
eλ∗t
N
g∗∑
g=0
(
6144e4(q − 1)2 g∗
N
(J t)2eλ∗t
)g
+ O
(
1
N2+g∗
)
< q
eλ∗t
N
[
1− 6144e
4(q − 1)2
N
(J t)2eλ∗t A
Na
]−1
+ O
(
1
N2+g∗
)
. (142)
In fact, as is typical with (nearly) asymptotic series, up until λ∗t ∼ 1, the bound (107) is very well
approximated by the leading order term, up until time scales very close to the radius of convergence. At
this point, the bound abruptly diverges. We expect this divergence is a failure of our bound and not a
counterexample to fast scrambling in regular systems.
4.6 On the Combinatorics at High Genus
In fact, it may be the case that the g! in (107) is physically meaningful. In ordinary quantum field theory,
asymptotic series are quite common and arise from the fact that there are O(g!) topologically distinct
graphs (Feynman diagrams) at genus g [18]. Moreover, on physical grounds one expects these series to
be asymptotic [13]. Mathematically speaking, the proliferation of topologically distinct graphs is also the
origin of the factor of g! in the proof of Theorem 19.
One interesting observation is that in quantum field theory, there is no reason to truncate the genus
expansion at genus g = N−1. After all, the same particle or node could show up arbitrarily often in a high
genus graph. On physical grounds, it is actually natural to expect that (107) could be the qualitatively
correct form of Cij(t)
2, with one crucial modification: g! → (−1)gg!. Such a modification would make
the series (107) Borel resummable [32] and prove the fast scrambling conjecture. We will see significant
support in Theorem 23 for the conjecture that the true 1N expansion of Cij(t)
2 is resummable.
Although we have noted that on physical grounds the “asymptotic” nature of (107) is quite generic,
one might ask whether the multiple inequalities invoked in the proof of Theorem 19 are responsible for
the factor of g! in (107). We now give a few heuristic arguments that this is unlikely to be the case.
(1 ) First, we give an affirmative argument that there exist causal graphs arising from irreducible
causal tree pairs which are genus g = O(N) which do not have a significant set of constraints on the
ordering of factors. Consider the irreducible causal tree pair sketched in Figure 12, consisting of a binary
tree expanding out from the target node j. Even in a 2-local model, this factor subgraph may exist. Now
consider a random creeping ordering of the couplings on the left/right trees. The probability that this
random ordering is compatible with the causal graph is O(2−g). As this holds for both the left and right
graph, we conclude that the constraint of creeping order is not strong enough to remove g!.
(2 ) Secondly, we argue that the oversimplification of allowing all left and right creeping sequences to
“weave” through each other does not add g!. One way to see this is to demand that all couplings show
8The notion of typical being used here is that of Erdo¨s and Re´nyi, as is canonical in random (hyper)graph theory [31]
when a more specific ensemble is not provided.
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Figure 12: A high genus causal graph formed by the merger of two binary trees. Here QR takes
the left path (blue) at a merger while QL takes the right path (red). Edges in E ∩ (QL ∪ QR)
are denoted in black. It is possible to reach g = O(N) with such a construction. The number of
constraints on ML,R from this causal graph is only O(eg), not O(g!).
up once to the left of Pj , and once to the right of Pj . The sum over all such sequences would be smaller
by a factor of O
(
2−`
)
.
4.7 The Sachdev-Ye-Kitaev Model
As an application of Theorem 19, we now turn to the q-local Sachdev-Ye-Kitaev (SYK) random ensemble
[14, 15, 16]. Let q = O(N0) be an even integer, and let ψ1, . . . , ψN denote N Majorana fermion operators
with anticommutation relations
{ψi, ψj} = 2I(i = j). (143)
(143) implies that ‖ψi‖ = 1. While thus far we have only worked with bosonic (commuting) degrees of
freedom, we will explain shortly why our formalism straightforwardly generalizes. The Hamiltonian is
H = iq/2
∑
i1<i2<···<iq
Ji1···iqψi1 · · ·ψiq (144)
where Ji1···iq are independent, identically distributed zero-mean random variables of variance
E
[
Ji1···iq
2
]
=
(q − 1)!
2qN q−1
J 2. (145)
We also take Ji1···iq to be antisymmetric rank-q tensors, for convenience.
It is straightforward to generalize our formalism for this model. Consider the operator vector space
spanned by
|i1 · · · im) := im/2ψi1 · · ·ψim . (146)
Using the inner product (10) with dim(H) = 2N/2, for any subsets X,Y ∈ ZV2 , (X|Y ) = I(X = Y ). For
any permutation σ ∈ Sm, |i1 · · · im) = sign(σ)|σ(i1) · · ·σ(im)). Using these properties, we conclude that
(for example)
Lj1···jq |jqi1 · · · im) = 2Jj1···jq |j1 · · · jq−1i1 · · · im). (147)
38
Hence we obtain that the |i1 · · · im) form an orthonormal basis. We conclude that |X) for X ∈ ZV2 span
a real vector space. As before, LX is antisymmetric. We define the projector
(O|Pj |O′) := 1
22+N/2
tr
(
{O, ψj}†{O′, ψj}
)
, (148)
which continues to obey (28). These properties are sufficient to use the formalism of this paper.
Let us first focus on the behavior of E[Cij(t)2] = 2−2−N/
′2tr({ψi(t), ψj}2) at leading order in 1/N :
i.e. genus 0 causal graphs. Since genus 0 causal graphs are irreducible paths from i to j, they are easily
resummed: assuming i 6= j, Theorem 14 implies that
E
[
Cij(t)
2
] ≤ ∞∑
n=1
(
tn
n!
)2
×
(
2(q − 1)!
qN q−1
J 2
)n
×
(
N q−2
(q − 2)!
)n
Nn−1 + O
(
1
N2
)
. (149)
The first factor comes from the Taylor expansion of e±Lt; the second expansion comes from the Liouvil-
lian and the average over random couplings; the third factor comes from the sum over all inequivalent
irreducible paths containing n factors on the factor graph. Using (109) we conclude that
E
[
Cij(t)
2
] ≤ 1
N
cosh
(
2
√
2(q − 1)
q
J t
)
+ O
(
1
N2
)
. (150)
The exact answer is known analytically to leading order in 1/q: [17]
E
[
Cij(t)
2
]
=
1
N
[
cosh (2J t) + O
(
1
q
)]
+ O
(
1
N2
)
. (151)
We conclude that our bound (150) is not tight: we overestimate the exponential growth rate by a factor of√
2. The origin of this effect is that the exact evaluation of E
[
Cij(t)
2
]
contains terms such as L2i1···iq |O) =
−4J2i1···iq |O) which we have not been able to subtract out. In more physical terms, the growing operator|ψi(t)) quantum mechanically interferes with itself, destructively, as it grows. This destructive interference
is not captured by either Theorem 4 or Theorem 14.
As far as we know, (150) is the first analytic constraint on OTOCs at infinite temperature in the SYK
model at finite q, even at leading order in 1/N . Figure 13 compares our predictions for the q-dependence
of the growth rate to numerical calculations of the result [17], and our exact bound is indeed consistent
with their result.
Of course, we have also provided bounds to all orders in 1/N . Applying Theorem 19 to the SYK
model, we conclude that the infinite temperature Lyapunov exponent, at all orders in 1N , is bounded by
λ∗ ≤ 48
√
(q − 1)
q
J . (152)
When q is large, this differs from the leading order Lyapunov exponent by a factor of 24. In other words,
upon including all orders g ≤ m in perturbation theory in the large N limit, for fixed m, the operator
growth time is at least 4% of the leading order prediction in 1N .
4.8 Improved Non-Perturbative Bound on the Scrambling Time
Theorem 19 demonstrates (1) to any order N−g with g = O(N1−) with  > 0. However, the non-
perturbative bound on tδs from Theorem 19 is t
δ
s = Ω(N
0), as discussed in (141). The following theorem
improves on this result.
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Figure 13: Comparing the ratio of Lyapunov exponent λ∗ at finite q to large q in the SYK
model. (150) is shown in black, and the numerical results of [17] are shown in red.
Theorem 23
Let G ∈ GV (m, q, k) be drawn from the Erdo¨s-Re´nyi ensemble. Let H be a random Hamiltonian
drawn from a simple random Hamiltonian ensemble on G, obeying (93). Then
tδs = Ω
(√
logN
)
(153)
holds almost surely as N →∞.
Proof. We prove this theorem as follows. (1 ) First we consider an alternative classification of sequences
in M2ji not by irreducible causal tree pair, but simply by irreducible paths in the left/right sequences
(ML,MR) ∈ M2ji. (2 ) We study the problem on the KqN . Using the fact that each coupling must show
up twice in the disorder-averaged OTOC, and that the factors along the left/right irreducible path must
show up in that order at least once, we obtain a non-perturbative bound on E[Cij(t)2]. (3 ) We argue
that, analogously to Corollary 22, our bound also holds upon averaging over an Erdo¨s-Re´nyi factor graph
ensemble. We then use Markov’s inequality to find (153).
Step 1: This step introduces a new formalism much along the lines of Sections 3.1 and 4.4. We will
state many facts without proof, as their justification is straightforward and follows our earlier results.
Let (ML,MR) ∈ M2ji. Let TL,R := T (ML,R) denote the left/right causal tree, and let ΓL,R denote
the irreducible paths from i to j in TL,R, as defined via the equivalence class on Tji of Section 3.1:
[ΓL,R] = [TL,R]. Then define the following equivalence relation ∼′ji on M2ji: (ML,MR) ∼′ji (M′L,M′R)
if and only if [T (ML)] = [T (M′L)] and [T (MR)] = [T (M′R)]. The unique irreducible element of this
equivalence class is (ΓL, ΓR). As in Section 4.2 there are many sequences M which lead to the same
irreducible path pair. We define S ′2ji = T 2ji/ ∼′ji. Figure 14 gives an example of an irreducible path pair.
We define the set
Ψ ′(ΓL, ΓR) := {M ∈M2ji :M∼′ji (ΓL, ΓR) and F ∩M = F ∩ (ΓL ∪ ΓR)}. (154)
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6
<latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQ ZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/ Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAo EdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5 K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoK YmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5 j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQ ZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/ Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAo EdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5 K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoK YmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5 j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQ ZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/ Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAo EdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5 K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoK YmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5 j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit><latexit sha1_base64="YRdSYfMGKY2FZDYXMCIBQ ZEFRog=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/ Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAo EdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTMoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5 K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoK YmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5 j86L8+58LFsLTj5zCn/gfP4Afy+MsA==</latexit>
7
<latexit sha1_base64="wyo5vz8qebkWVRB80mM/A ukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+ SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQ I7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5 Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6c R+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/A ukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+ SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQ I7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5 Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6c R+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/A ukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+ SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQ I7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5 Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6c R+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit><latexit sha1_base64="wyo5vz8qebkWVRB80mM/A ukqV7w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+ SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQ I7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5 Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoK YmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6c R+fFeXc+Vq0FJ585hz9wPn8AgLOMsQ==</latexit>
{8, 9, 10}
<latexit sha1_base64="V4DVals65g89BR7m0HKkhPlBTuo=">AAAB/ nicdZBNS8MwGMfT+TbnW1U8eQkOwcMo6VCct4EXjxPcC6xlpFm6haVpSVJhlIFfxYsHRbz6Obz5bUy3DlT0D4F/fs/zkCf/IOFMaYQ+rdLK6tr6Rnm zsrW9s7tn7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMrvN6955KxWJxp6cJ9SM8EixkBGuDBvaRxwOJCYWN2lXNRZ6c3wZ2FTkXKBdEDlqa grgFqYJCrYH94Q1jkkZUaMKxUn0XJdrPsNSMcDqreKmiCSYTPKJ9YwWOqPKz+fozeGrIEIaxNEdoOKffJzIcKTWNAtMZYT1Wv2s5/KvWT3XY8DMmkl RTQRYPhSmHOoZ5FnDIJCWaT43BRDKzKyRjbALQJrGKCWH5U/i/6dQdFznu7Xm1WS/iKINjcALOgAsuQRPcgBZoAwIy8AiewYv1YD1Zr9bborVkFTOH 4Ies9y89RJRR</latexit><latexit sha1_base64="V4DVals65g89BR7m0HKkhPlBTuo=">AAAB/ nicdZBNS8MwGMfT+TbnW1U8eQkOwcMo6VCct4EXjxPcC6xlpFm6haVpSVJhlIFfxYsHRbz6Obz5bUy3DlT0D4F/fs/zkCf/IOFMaYQ+rdLK6tr6Rnm zsrW9s7tn7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMrvN6955KxWJxp6cJ9SM8EixkBGuDBvaRxwOJCYWN2lXNRZ6c3wZ2FTkXKBdEDlqa grgFqYJCrYH94Q1jkkZUaMKxUn0XJdrPsNSMcDqreKmiCSYTPKJ9YwWOqPKz+fozeGrIEIaxNEdoOKffJzIcKTWNAtMZYT1Wv2s5/KvWT3XY8DMmkl RTQRYPhSmHOoZ5FnDIJCWaT43BRDKzKyRjbALQJrGKCWH5U/i/6dQdFznu7Xm1WS/iKINjcALOgAsuQRPcgBZoAwIy8AiewYv1YD1Zr9bborVkFTOH 4Ies9y89RJRR</latexit><latexit sha1_base64="V4DVals65g89BR7m0HKkhPlBTuo=">AAAB/ nicdZBNS8MwGMfT+TbnW1U8eQkOwcMo6VCct4EXjxPcC6xlpFm6haVpSVJhlIFfxYsHRbz6Obz5bUy3DlT0D4F/fs/zkCf/IOFMaYQ+rdLK6tr6Rnm zsrW9s7tn7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMrvN6955KxWJxp6cJ9SM8EixkBGuDBvaRxwOJCYWN2lXNRZ6c3wZ2FTkXKBdEDlqa grgFqYJCrYH94Q1jkkZUaMKxUn0XJdrPsNSMcDqreKmiCSYTPKJ9YwWOqPKz+fozeGrIEIaxNEdoOKffJzIcKTWNAtMZYT1Wv2s5/KvWT3XY8DMmkl RTQRYPhSmHOoZ5FnDIJCWaT43BRDKzKyRjbALQJrGKCWH5U/i/6dQdFznu7Xm1WS/iKINjcALOgAsuQRPcgBZoAwIy8AiewYv1YD1Zr9bborVkFTOH 4Ies9y89RJRR</latexit><latexit sha1_base64="V4DVals65g89BR7m0HKkhPlBTuo=">AAAB/ nicdZBNS8MwGMfT+TbnW1U8eQkOwcMo6VCct4EXjxPcC6xlpFm6haVpSVJhlIFfxYsHRbz6Obz5bUy3DlT0D4F/fs/zkCf/IOFMaYQ+rdLK6tr6Rnm zsrW9s7tn7x90VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMrvN6955KxWJxp6cJ9SM8EixkBGuDBvaRxwOJCYWN2lXNRZ6c3wZ2FTkXKBdEDlqa grgFqYJCrYH94Q1jkkZUaMKxUn0XJdrPsNSMcDqreKmiCSYTPKJ9YwWOqPKz+fozeGrIEIaxNEdoOKffJzIcKTWNAtMZYT1Wv2s5/KvWT3XY8DMmkl RTQRYPhSmHOoZ5FnDIJCWaT43BRDKzKyRjbALQJrGKCWH5U/i/6dQdFznu7Xm1WS/iKINjcALOgAsuQRPcgBZoAwIy8AiewYv1YD1Zr9bborVkFTOH 4Ies9y89RJRR</latexit>
{0, 1, 2, 3, 7, 8, 9, 10}
<latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAACC HicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV1bX yemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx5wOz iuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux/F3L4V +1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjyAJ/Bs3BuP xovxumgtGcXMPvgh4+0Tu6SWjg==</latexit><latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAACC HicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV1bX yemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx5wOz iuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux/F3L4V +1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjyAJ/Bs3BuP xovxumgtGcXMPvgh4+0Tu6SWjg==</latexit><latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAACC HicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV1bX yemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx5wOz iuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux/F3L4V +1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjyAJ/Bs3BuP xovxumgtGcXMPvgh4+0Tu6SWjg==</latexit><latexit sha1_base64="ith/M4wk6JbY+KhQIK/aHAopI38=">AAACC HicdZDLSsNAFIYn9VbrLerShYNFcBHCpCqtu4IblxXsBZpQJtNJO3RyYWYilNClG1/FjQtF3PoI7nwbJ20EFf1h4Oc753Dm/H7CmVQIfRilpeWV1bX yemVjc2t7x9zd68g4FYS2Scxj0fOxpJxFtK2Y4rSXCIpDn9OuP7nM691bKiSLoxs1TagX4lHEAkaw0mhgHrrcF5hQiCzHqlmnVt1qWBeWg1wx5wOz iuxzlAsiG32ZgjgFqYJCrYH57g5jkoY0UoRjKfsOSpSXYaEY4XRWcVNJE0wmeET72kY4pNLL5ofM4LEmQxjEQr9IwTn9PpHhUMpp6OvOEKux/F3L4V +1fqqChpexKEkVjchiUZByqGKYpwKHTFCi+FQbTATTf4VkjHUASmdX0SF8XQr/N52a7SDbuT6rNmtFHGVwAI7ACXBAHTTBFWiBNiDgDjyAJ/Bs3BuP xovxumgtGcXMPvgh4+0Tu6SWjg==</latexit>
{}
<latexit sha1_base64="5FaWSDN ZcTbRB5Xe1MAUuAaEP+I=">AAAB+HicdZDLSsNAFIZP6q3WS6Mu3QwWwV VIiqLLghuXFewFmlAm00k7dDIJMxOhhj6JGxeKuPVR3Pk2TtoUVPTAMD /ffw5z5g9TzpR23U+rsra+sblV3a7t7O7t1+2Dw65KMklohyQ8kf0QK8q ZoB3NNKf9VFIch5z2wul14ffuqVQsEXd6ltIgxmPBIkawNmho130eSkwo 8uXiHtoN17lwi0Ku465ESbySNKCs9tD+8EcJyWIqNOFYqYHnpjrIsdSMc Dqv+ZmiKSZTPKYDIwWOqQryxeJzdGrICEWJNEdotKDfJ3IcKzWLQ9MZYz 1Rv70C/uUNMh1dBTkTaaapIMuHoowjnaAiBTRikhLNZ0ZgIpnZFZEJNg Fok1XNhLD6KfpfdJuO5zre7Xmj1SzjqMIxnMAZeHAJLbiBNnSAQAaP8Aw v1oP1ZL1ab8vWilXOHMGPst6/AH4Xkus=</latexit><latexit sha1_base64="5FaWSDN ZcTbRB5Xe1MAUuAaEP+I=">AAAB+HicdZDLSsNAFIZP6q3WS6Mu3QwWwV VIiqLLghuXFewFmlAm00k7dDIJMxOhhj6JGxeKuPVR3Pk2TtoUVPTAMD /ffw5z5g9TzpR23U+rsra+sblV3a7t7O7t1+2Dw65KMklohyQ8kf0QK8q ZoB3NNKf9VFIch5z2wul14ffuqVQsEXd6ltIgxmPBIkawNmho130eSkwo 8uXiHtoN17lwi0Ku465ESbySNKCs9tD+8EcJyWIqNOFYqYHnpjrIsdSMc Dqv+ZmiKSZTPKYDIwWOqQryxeJzdGrICEWJNEdotKDfJ3IcKzWLQ9MZYz 1Rv70C/uUNMh1dBTkTaaapIMuHoowjnaAiBTRikhLNZ0ZgIpnZFZEJNg Fok1XNhLD6KfpfdJuO5zre7Xmj1SzjqMIxnMAZeHAJLbiBNnSAQAaP8Aw v1oP1ZL1ab8vWilXOHMGPst6/AH4Xkus=</latexit><latexit sha1_base64="5FaWSDN ZcTbRB5Xe1MAUuAaEP+I=">AAAB+HicdZDLSsNAFIZP6q3WS6Mu3QwWwV VIiqLLghuXFewFmlAm00k7dDIJMxOhhj6JGxeKuPVR3Pk2TtoUVPTAMD /ffw5z5g9TzpR23U+rsra+sblV3a7t7O7t1+2Dw65KMklohyQ8kf0QK8q ZoB3NNKf9VFIch5z2wul14ffuqVQsEXd6ltIgxmPBIkawNmho130eSkwo 8uXiHtoN17lwi0Ku465ESbySNKCs9tD+8EcJyWIqNOFYqYHnpjrIsdSMc Dqv+ZmiKSZTPKYDIwWOqQryxeJzdGrICEWJNEdotKDfJ3IcKzWLQ9MZYz 1Rv70C/uUNMh1dBTkTaaapIMuHoowjnaAiBTRikhLNZ0ZgIpnZFZEJNg Fok1XNhLD6KfpfdJuO5zre7Xmj1SzjqMIxnMAZeHAJLbiBNnSAQAaP8Aw v1oP1ZL1ab8vWilXOHMGPst6/AH4Xkus=</latexit><latexit sha1_base64="5FaWSDN ZcTbRB5Xe1MAUuAaEP+I=">AAAB+HicdZDLSsNAFIZP6q3WS6Mu3QwWwV VIiqLLghuXFewFmlAm00k7dDIJMxOhhj6JGxeKuPVR3Pk2TtoUVPTAMD /ffw5z5g9TzpR23U+rsra+sblV3a7t7O7t1+2Dw65KMklohyQ8kf0QK8q ZoB3NNKf9VFIch5z2wul14ffuqVQsEXd6ltIgxmPBIkawNmho130eSkwo 8uXiHtoN17lwi0Ku465ESbySNKCs9tD+8EcJyWIqNOFYqYHnpjrIsdSMc Dqv+ZmiKSZTPKYDIwWOqQryxeJzdGrICEWJNEdotKDfJ3IcKzWLQ9MZYz 1Rv70C/uUNMh1dBTkTaaapIMuHoowjnaAiBTRikhLNZ0ZgIpnZFZEJNg Fok1XNhLD6KfpfdJuO5zre7Xmj1SzjqMIxnMAZeHAJLbiBNnSAQAaP8Aw v1oP1ZL1ab8vWilXOHMGPst6/AH4Xkus=</latexit>
{0, 1}
<latexit sha1_base64="xPS88YL DefvggtQA+ffgCqRVs3c=">AAAB+3icdZDLSsNAFIZPvNZ6i3XpZrAILi RMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8P Odczhn/iAVXGmMP62V1bX1jc3KVnV7Z3dv3z6odVSSScraNBGJ7AVEMcF j1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM 4TPXk3M7sOvYucCFEHbw0pTELUkdSrUG9oc3TGgWsVhTQZTquzjVfk6k5 lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOi Oix+p3rYB/1fqZDq/8nMdppllMF4vCTCCdoCIINOSSUS2mxhAqubkV0T ExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7 hGV6smfVkvVpvi9YVq5w5hB+y3r8A0FOTlg==</latexit><latexit sha1_base64="xPS88YL DefvggtQA+ffgCqRVs3c=">AAAB+3icdZDLSsNAFIZPvNZ6i3XpZrAILi RMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8P Odczhn/iAVXGmMP62V1bX1jc3KVnV7Z3dv3z6odVSSScraNBGJ7AVEMcF j1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM 4TPXk3M7sOvYucCFEHbw0pTELUkdSrUG9oc3TGgWsVhTQZTquzjVfk6k5 lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOi Oix+p3rYB/1fqZDq/8nMdppllMF4vCTCCdoCIINOSSUS2mxhAqubkV0T ExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7 hGV6smfVkvVpvi9YVq5w5hB+y3r8A0FOTlg==</latexit><latexit sha1_base64="xPS88YL DefvggtQA+ffgCqRVs3c=">AAAB+3icdZDLSsNAFIZPvNZ6i3XpZrAILi RMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8P Odczhn/iAVXGmMP62V1bX1jc3KVnV7Z3dv3z6odVSSScraNBGJ7AVEMcF j1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM 4TPXk3M7sOvYucCFEHbw0pTELUkdSrUG9oc3TGgWsVhTQZTquzjVfk6k5 lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOi Oix+p3rYB/1fqZDq/8nMdppllMF4vCTCCdoCIINOSSUS2mxhAqubkV0T ExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7 hGV6smfVkvVpvi9YVq5w5hB+y3r8A0FOTlg==</latexit><latexit sha1_base64="xPS88YL DefvggtQA+ffgCqRVs3c=">AAAB+3icdZDLSsNAFIZPvNZ6i3XpZrAILi RMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8P Odczhn/iAVXGmMP62V1bX1jc3KVnV7Z3dv3z6odVSSScraNBGJ7AVEMcF j1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM 4TPXk3M7sOvYucCFEHbw0pTELUkdSrUG9oc3TGgWsVhTQZTquzjVfk6k5 lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOi Oix+p3rYB/1fqZDq/8nMdppllMF4vCTCCdoCIINOSSUS2mxhAqubkV0T ExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7 hGV6smfVkvVpvi9YVq5w5hB+y3r8A0FOTlg==</latexit>
{0, 1}
<latexit sha1_base64="xPS88YLDefvggtQA+ffgCqRVs3c=">AAAB+ 3icdZDLSsNAFIZPvNZ6i3XpZrAILiRMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8POdczhn/iAVXGmMP62V1bX1jc3KVnV 7Z3dv3z6odVSSScraNBGJ7AVEMcFj1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM4TPXk3M7sOvYucCFEHbw0pTELUkd SrUG9oc3TGgWsVhTQZTquzjVfk6k5lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOiOix+p3rYB/1fqZDq/8nMdppllMF4 vCTCCdoCIINOSSUS2mxhAqubkV0TExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7hGV6smfVkvVpvi9YVq5w5hB+y3r8A 0FOTlg==</latexit><latexit sha1_base64="xPS88YLDefvggtQA+ffgCqRVs3c=">AAAB+ 3icdZDLSsNAFIZPvNZ6i3XpZrAILiRMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8POdczhn/iAVXGmMP62V1bX1jc3KVnV 7Z3dv3z6odVSSScraNBGJ7AVEMcFj1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM4TPXk3M7sOvYucCFEHbw0pTELUkd SrUG9oc3TGgWsVhTQZTquzjVfk6k5lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOiOix+p3rYB/1fqZDq/8nMdppllMF4 vCTCCdoCIINOSSUS2mxhAqubkV0TExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7hGV6smfVkvVpvi9YVq5w5hB+y3r8A 0FOTlg==</latexit><latexit sha1_base64="xPS88YLDefvggtQA+ffgCqRVs3c=">AAAB+ 3icdZDLSsNAFIZPvNZ6i3XpZrAILiRMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8POdczhn/iAVXGmMP62V1bX1jc3KVnV 7Z3dv3z6odVSSScraNBGJ7AVEMcFj1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM4TPXk3M7sOvYucCFEHbw0pTELUkd SrUG9oc3TGgWsVhTQZTquzjVfk6k5lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOiOix+p3rYB/1fqZDq/8nMdppllMF4 vCTCCdoCIINOSSUS2mxhAqubkV0TExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7hGV6smfVkvVpvi9YVq5w5hB+y3r8A 0FOTlg==</latexit><latexit sha1_base64="xPS88YLDefvggtQA+ffgCqRVs3c=">AAAB+ 3icdZDLSsNAFIZPvNZ6i3XpZrAILiRMiqLLghuXFewFmlAm00k7dHJhZiKW0Fdx40IRt76IO9/GSZuCiv4w8POdczhn/iAVXGmMP62V1bX1jc3KVnV 7Z3dv3z6odVSSScraNBGJ7AVEMcFj1tZcC9ZLJSNRIFg3mFwX9e49k4on8Z2epsyPyCjmIadEGzSwa54IJKEM4TPXk3M7sOvYucCFEHbw0pTELUkd SrUG9oc3TGgWsVhTQZTquzjVfk6k5lSwWdXLFEsJnZAR6xsbk4gpP5/fPkMnhgxRmEjzYo3m9PtETiKlplFgOiOix+p3rYB/1fqZDq/8nMdppllMF4 vCTCCdoCIINOSSUS2mxhAqubkV0TExAWgTV9WEsPwp+t90Go6LHff2vN5slHFU4AiO4RRcuIQm3EAL2kDhAR7hGV6smfVkvVpvi9YVq5w5hB+y3r8A 0FOTlg==</latexit>
{0, 1, 2}
<latexit sha1_base64="m0DzaY+Q8F5X6JhX583bmaeCi+w=">AAAB/ XicdZDLSgMxFIbPeK31Nl52boJFcFGGTFF0WXDjsoK9QDuUTJppQzMXkoxQh+KruHGhiFvfw51vY6adgor+EPjznXPIye8ngiuN8ae1tLyyurZe2ih vbm3v7Np7+y0Vp5KyJo1FLDs+UUzwiDU114J1EslI6AvW9sdXeb19x6TicXSrJwnzQjKMeMAp0Qb17cOe8CWhDOGqW6315OzStyvYOce5EHbwwhTE LUgFCjX69kdvENM0ZJGmgijVdXGivYxIzalg03IvVSwhdEyGrGtsREKmvGy2/RSdGDJAQSzNiTSa0e8TGQmVmoS+6QyJHqnftRz+VeumOrj0Mh4lqW YRnT8UpALpGOVRoAGXjGoxMYZQyc2uiI6ICUCbwMomhMVP0f+mVXNc7Lg3Z5V6rYijBEdwDKfgwgXU4Roa0AQK9/AIz/BiPVhP1qv1Nm9dsoqZA/gh 6/0LssiUCA==</latexit><latexit sha1_base64="m0DzaY+Q8F5X6JhX583bmaeCi+w=">AAAB/ XicdZDLSgMxFIbPeK31Nl52boJFcFGGTFF0WXDjsoK9QDuUTJppQzMXkoxQh+KruHGhiFvfw51vY6adgor+EPjznXPIye8ngiuN8ae1tLyyurZe2ih vbm3v7Np7+y0Vp5KyJo1FLDs+UUzwiDU114J1EslI6AvW9sdXeb19x6TicXSrJwnzQjKMeMAp0Qb17cOe8CWhDOGqW6315OzStyvYOce5EHbwwhTE LUgFCjX69kdvENM0ZJGmgijVdXGivYxIzalg03IvVSwhdEyGrGtsREKmvGy2/RSdGDJAQSzNiTSa0e8TGQmVmoS+6QyJHqnftRz+VeumOrj0Mh4lqW YRnT8UpALpGOVRoAGXjGoxMYZQyc2uiI6ICUCbwMomhMVP0f+mVXNc7Lg3Z5V6rYijBEdwDKfgwgXU4Roa0AQK9/AIz/BiPVhP1qv1Nm9dsoqZA/gh 6/0LssiUCA==</latexit><latexit sha1_base64="m0DzaY+Q8F5X6JhX583bmaeCi+w=">AAAB/ XicdZDLSgMxFIbPeK31Nl52boJFcFGGTFF0WXDjsoK9QDuUTJppQzMXkoxQh+KruHGhiFvfw51vY6adgor+EPjznXPIye8ngiuN8ae1tLyyurZe2ih vbm3v7Np7+y0Vp5KyJo1FLDs+UUzwiDU114J1EslI6AvW9sdXeb19x6TicXSrJwnzQjKMeMAp0Qb17cOe8CWhDOGqW6315OzStyvYOce5EHbwwhTE LUgFCjX69kdvENM0ZJGmgijVdXGivYxIzalg03IvVSwhdEyGrGtsREKmvGy2/RSdGDJAQSzNiTSa0e8TGQmVmoS+6QyJHqnftRz+VeumOrj0Mh4lqW YRnT8UpALpGOVRoAGXjGoxMYZQyc2uiI6ICUCbwMomhMVP0f+mVXNc7Lg3Z5V6rYijBEdwDKfgwgXU4Roa0AQK9/AIz/BiPVhP1qv1Nm9dsoqZA/gh 6/0LssiUCA==</latexit><latexit sha1_base64="m0DzaY+Q8F5X6JhX583bmaeCi+w=">AAAB/ XicdZDLSgMxFIbPeK31Nl52boJFcFGGTFF0WXDjsoK9QDuUTJppQzMXkoxQh+KruHGhiFvfw51vY6adgor+EPjznXPIye8ngiuN8ae1tLyyurZe2ih vbm3v7Np7+y0Vp5KyJo1FLDs+UUzwiDU114J1EslI6AvW9sdXeb19x6TicXSrJwnzQjKMeMAp0Qb17cOe8CWhDOGqW6315OzStyvYOce5EHbwwhTE LUgFCjX69kdvENM0ZJGmgijVdXGivYxIzalg03IvVSwhdEyGrGtsREKmvGy2/RSdGDJAQSzNiTSa0e8TGQmVmoS+6QyJHqnftRz+VeumOrj0Mh4lqW YRnT8UpALpGOVRoAGXjGoxMYZQyc2uiI6ICUCbwMomhMVP0f+mVXNc7Lg3Z5V6rYijBEdwDKfgwgXU4Roa0AQK9/AIz/BiPVhP1qv1Nm9dsoqZA/gh 6/0LssiUCA==</latexit>
{0, 8, 9, 10}
<latexit sha1_base64="31jFiK8 XwiAHeG8VOwndmbX8YC8=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcF GGzFhruyu4cVnBPqAzlEyaaUMzmSHJCGXoxl9x40IRt36GO//G9CGo6I ELJ+fcS+49QcKZ0gh9WLmV1bX1jfxmYWt7Z3evuH/QVnEqCW2RmMeyG2B FORO0pZnmtJtIiqOA004wvpr5nTsqFYvFrZ4k1I/wULCQEayN1C8eeTyQ mFCIyrVyvewgT87f/WIJ2fU6qjhViOwLhNxq3RB07taqVejYaI4SWKLZL 757g5ikERWacKxUz0GJ9jMsNSOcTgteqmiCyRgPac9QgSOq/Gx+wBSeGm UAw1iaEhrO1e8TGY6UmkSB6YywHqnf3kz8y+ulOqz5GRNJqqkgi4/ClE Mdw1kacMAkJZpPDMFEMrMrJCNsAtAms4IJ4etS+D9pu7aDbOemUmq4yzj y4BicgDPggEvQANegCVqAgCl4AE/g2bq3Hq0X63XRmrOWM4fgB6y3T304 lQM=</latexit><latexit sha1_base64="31jFiK8 XwiAHeG8VOwndmbX8YC8=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcF GGzFhruyu4cVnBPqAzlEyaaUMzmSHJCGXoxl9x40IRt36GO//G9CGo6I ELJ+fcS+49QcKZ0gh9WLmV1bX1jfxmYWt7Z3evuH/QVnEqCW2RmMeyG2B FORO0pZnmtJtIiqOA004wvpr5nTsqFYvFrZ4k1I/wULCQEayN1C8eeTyQ mFCIyrVyvewgT87f/WIJ2fU6qjhViOwLhNxq3RB07taqVejYaI4SWKLZL 757g5ikERWacKxUz0GJ9jMsNSOcTgteqmiCyRgPac9QgSOq/Gx+wBSeGm UAw1iaEhrO1e8TGY6UmkSB6YywHqnf3kz8y+ulOqz5GRNJqqkgi4/ClE Mdw1kacMAkJZpPDMFEMrMrJCNsAtAms4IJ4etS+D9pu7aDbOemUmq4yzj y4BicgDPggEvQANegCVqAgCl4AE/g2bq3Hq0X63XRmrOWM4fgB6y3T304 lQM=</latexit><latexit sha1_base64="31jFiK8 XwiAHeG8VOwndmbX8YC8=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcF GGzFhruyu4cVnBPqAzlEyaaUMzmSHJCGXoxl9x40IRt36GO//G9CGo6I ELJ+fcS+49QcKZ0gh9WLmV1bX1jfxmYWt7Z3evuH/QVnEqCW2RmMeyG2B FORO0pZnmtJtIiqOA004wvpr5nTsqFYvFrZ4k1I/wULCQEayN1C8eeTyQ mFCIyrVyvewgT87f/WIJ2fU6qjhViOwLhNxq3RB07taqVejYaI4SWKLZL 757g5ikERWacKxUz0GJ9jMsNSOcTgteqmiCyRgPac9QgSOq/Gx+wBSeGm UAw1iaEhrO1e8TGY6UmkSB6YywHqnf3kz8y+ulOqz5GRNJqqkgi4/ClE Mdw1kacMAkJZpPDMFEMrMrJCNsAtAms4IJ4etS+D9pu7aDbOemUmq4yzj y4BicgDPggEvQANegCVqAgCl4AE/g2bq3Hq0X63XRmrOWM4fgB6y3T304 lQM=</latexit><latexit sha1_base64="31jFiK8 XwiAHeG8VOwndmbX8YC8=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcF GGzFhruyu4cVnBPqAzlEyaaUMzmSHJCGXoxl9x40IRt36GO//G9CGo6I ELJ+fcS+49QcKZ0gh9WLmV1bX1jfxmYWt7Z3evuH/QVnEqCW2RmMeyG2B FORO0pZnmtJtIiqOA004wvpr5nTsqFYvFrZ4k1I/wULCQEayN1C8eeTyQ mFCIyrVyvewgT87f/WIJ2fU6qjhViOwLhNxq3RB07taqVejYaI4SWKLZL 757g5ikERWacKxUz0GJ9jMsNSOcTgteqmiCyRgPac9QgSOq/Gx+wBSeGm UAw1iaEhrO1e8TGY6UmkSB6YywHqnf3kz8y+ulOqz5GRNJqqkgi4/ClE Mdw1kacMAkJZpPDMFEMrMrJCNsAtAms4IJ4etS+D9pu7aDbOemUmq4yzj y4BicgDPggEvQANegCVqAgCl4AE/g2bq3Hq0X63XRmrOWM4fgB6y3T304 lQM=</latexit>
{0, 1}
<latexit sha1_base64="0q28Euc o6xJXLVOQ68AvmppYISY=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQs Ik1tjuCm5cVrCt0IQymU7aoZMHMxOxhP6KGxeKuPVH3Pk3TtMKKnrgwu Gce7n3niDlTCqEPozSyura+kZ5s7K1vbO7Z+5XuzLJBKEdkvBE3AZYUs5 i2lFMcXqbCoqjgNNeMLmc+707KiRL4hs1Takf4VHMQkaw0tLArHo8EJhQ iE5tTxR0YNaQ1Wyiuu1CZJ0j5LhNTdCZ03BdaFuoQA0s0R6Y794wIVlEY 0U4lrJvo1T5ORaKEU5nFS+TNMVkgke0r2mMIyr9vLh9Bo+1MoRhInTFCh bq94kcR1JOo0B3RliN5W9vLv7l9TMVNvycxWmmaEwWi8KMQ5XAeRBwyA Qlik81wUQwfSskY6wDUDquig7h61P4P+k6lo0s+7peaznLOMrgEByBE2C DC9ACV6ANOoCAe/AAnsCzMTMejRfjddFaMpYzB+AHjLdPL9mT2A==</la texit><latexit sha1_base64="0q28Euc o6xJXLVOQ68AvmppYISY=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQs Ik1tjuCm5cVrCt0IQymU7aoZMHMxOxhP6KGxeKuPVH3Pk3TtMKKnrgwu Gce7n3niDlTCqEPozSyura+kZ5s7K1vbO7Z+5XuzLJBKEdkvBE3AZYUs5 i2lFMcXqbCoqjgNNeMLmc+707KiRL4hs1Takf4VHMQkaw0tLArHo8EJhQ iE5tTxR0YNaQ1Wyiuu1CZJ0j5LhNTdCZ03BdaFuoQA0s0R6Y794wIVlEY 0U4lrJvo1T5ORaKEU5nFS+TNMVkgke0r2mMIyr9vLh9Bo+1MoRhInTFCh bq94kcR1JOo0B3RliN5W9vLv7l9TMVNvycxWmmaEwWi8KMQ5XAeRBwyA Qlik81wUQwfSskY6wDUDquig7h61P4P+k6lo0s+7peaznLOMrgEByBE2C DC9ACV6ANOoCAe/AAnsCzMTMejRfjddFaMpYzB+AHjLdPL9mT2A==</la texit><latexit sha1_base64="0q28Euc o6xJXLVOQ68AvmppYISY=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQs Ik1tjuCm5cVrCt0IQymU7aoZMHMxOxhP6KGxeKuPVH3Pk3TtMKKnrgwu Gce7n3niDlTCqEPozSyura+kZ5s7K1vbO7Z+5XuzLJBKEdkvBE3AZYUs5 i2lFMcXqbCoqjgNNeMLmc+707KiRL4hs1Takf4VHMQkaw0tLArHo8EJhQ iE5tTxR0YNaQ1Wyiuu1CZJ0j5LhNTdCZ03BdaFuoQA0s0R6Y794wIVlEY 0U4lrJvo1T5ORaKEU5nFS+TNMVkgke0r2mMIyr9vLh9Bo+1MoRhInTFCh bq94kcR1JOo0B3RliN5W9vLv7l9TMVNvycxWmmaEwWi8KMQ5XAeRBwyA Qlik81wUQwfSskY6wDUDquig7h61P4P+k6lo0s+7peaznLOMrgEByBE2C DC9ACV6ANOoCAe/AAnsCzMTMejRfjddFaMpYzB+AHjLdPL9mT2A==</la texit><latexit sha1_base64="0q28Euc o6xJXLVOQ68AvmppYISY=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgQs Ik1tjuCm5cVrCt0IQymU7aoZMHMxOxhP6KGxeKuPVH3Pk3TtMKKnrgwu Gce7n3niDlTCqEPozSyura+kZ5s7K1vbO7Z+5XuzLJBKEdkvBE3AZYUs5 i2lFMcXqbCoqjgNNeMLmc+707KiRL4hs1Takf4VHMQkaw0tLArHo8EJhQ iE5tTxR0YNaQ1Wyiuu1CZJ0j5LhNTdCZ03BdaFuoQA0s0R6Y794wIVlEY 0U4lrJvo1T5ORaKEU5nFS+TNMVkgke0r2mMIyr9vLh9Bo+1MoRhInTFCh bq94kcR1JOo0B3RliN5W9vLv7l9TMVNvycxWmmaEwWi8KMQ5XAeRBwyA Qlik81wUQwfSskY6wDUDquig7h61P4P+k6lo0s+7peaznLOMrgEByBE2C DC9ACV6ANOoCAe/AAnsCzMTMejRfjddFaMpYzB+AHjLdPL9mT2A==</la texit>
{0, 1, 2, 3, 5, 6, 7, 8, 9, 10}
<latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubWdmY nu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3ZeqZ FLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+n5iRQK lp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8ABZVADV6AO GoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit><latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubWdmY nu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3ZeqZ FLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+n5iRQK lp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8ABZVADV6AO GoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit><latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubWdmY nu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3ZeqZ FLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+n5iRQK lp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8ABZVADV6AO GoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit><latexit sha1_base64="iGKegEUyf6RnTjgp5dZsdmE7Z+4=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM22m7K7hxWcE+oC0lk6ZtaOZBkhFK6Qe48VfcuFDErR/gzr8xnVZQ0QOBwznncnOPHwuuNMYf1tr6xubWdmY nu7u3f3CYOzpuqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/uVz4rVsmFY/CGz2NWS8go5APOSXaSP1cvit8SSiDGDnIRQVUQh4qowqqIgd3ZeqZ FLarVVx0PIjtEsauVzUEF9yK50HHxinyYIV6P/feHUQ0CVioqSBKdRwc696MSM2pYPNsN1EsJnRCRqxjaEgCpnqz9Jg5PDfKAA4jaV6oYap+n5iRQK lp4JtkQPRY/fYW4l9eJ9HDSm/GwzjRLKTLRcNEQB3BRTNwwCWjWkwNIVRy81dIx8QUoE1/WVPC16Xwf9J0bQfbznUxX3NXdWTAKTgDF8ABZVADV6AO GoCCO/AAnsCzdW89Wi/W6zK6Zq1mTsAPWG+f9dOXuw==</latexit>
{0, 1, 2, 3, 4, 5, 7, 8, 9, 10}
<latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7YzO9n dvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JMLz6Sw XavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8nUhIoNQ 18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFABdXAFGqAJ KLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit><latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7YzO9n dvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JMLz6Sw XavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8nUhIoNQ 18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFABdXAFGqAJ KLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit><latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7YzO9n dvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JMLz6Sw XavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8nUhIoNQ 18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFABdXAFGqAJ KLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit><latexit sha1_base64="jzuLuDJymYPX/jaU0XzES9MgOqY=">AAACD HicdVDLSgMxFM34rPVVdekmWAQXYchM37uCG5cV7AM6pWTStA3NPEgyQhn6AW78FTcuFHHrB7jzb0wfgooeCBzOOZebe/xYcKUx/rDW1jc2t7YzO9n dvf2Dw9zRcUtFiaSsSSMRyY5PFBM8ZE3NtWCdWDIS+IK1/cnl3G/fMql4FN7oacx6ARmFfMgp0Ubq5/Ke8CWhDGLkIBcVUBGVUAVVUQ052JMLz6Sw XavholOG2C5h7JZrhuCCWy2XoWPjBfJghUY/9+4NIpoELNRUEKW6Do51LyVScyrYLOslisWETsiIdQ0NScBUL10cM4PnRhnAYSTNCzVcqN8nUhIoNQ 18kwyIHqvf3lz8y+smeljtpTyME81Culw0TATUEZw3AwdcMqrF1BBCJTd/hXRMTAHa9Jc1JXxdCv8nLdd2sO1cF/N1d1VHBpyCM3ABHFABdXAFGqAJ KLgDD+AJPFv31qP1Yr0uo2vWauYE/ID19gnyqZe5</latexit>{0, 1, 2, 8, 9, 10}
<latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAACB HicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3NnN b+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4it1JB JS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFSkyg0nR HWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogitQA3VAwB14 AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit><latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAACB HicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3NnN b+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4it1JB JS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFSkyg0nR HWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogitQA3VAwB14 AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit><latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAACB HicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3NnN b+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4it1JB JS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFSkyg0nR HWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogitQA3VAwB14 AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit><latexit sha1_base64="gDm9Xiwk7XHpWDwtOhw1Eqo9wjg=">AAACB HicdVDLSgMxFM34rPU16rKbYBFcDENmrGO7K7hxWcE+oC0lk6ZtaCYzJBmhlC7c+CtuXCji1o9w59+YTiuo6IELh3Pu5d57woQzpRH6sFZW19Y3NnN b+e2d3b19++CwoeJUElonMY9lK8SKciZoXTPNaSuRFEchp81wfDn3m7dUKhaLGz1JaDfCQ8EGjGBtpJ5d6PBQYkIhcjzHd8pOxfFQR2Zazy4it1JB JS+AyD1HyA8qhqAzvxwE0HNRhiJYotaz3zv9mKQRFZpwrFTbQ4nuTrHUjHA6y3dSRRNMxnhI24YKHFHVnWZPzOCJUfpwEEtTQsNM/T4xxZFSkyg0nR HWI/Xbm4t/ee1UD8rdKRNJqqkgi0WDlEMdw3kisM8kJZpPDMFEMnMrJCNsAtAmt7wJ4etT+D9p+K6HXO+6VKz6yzhyoACOwSnwwAWogitQA3VAwB14 AE/g2bq3Hq0X63XRumItZ47AD1hvn0UqleY=</latexit>
(A1|(L 10)m10L345(L 9 )m9L13(L 8 )m8L126(L 7 )m7L67(L 6 )m
0
6P7
(L 6 )m6L67(L 5 )m5L57(L 4 )m4L57(L 3 )m3L345(L 2 )m2L13(L 1 )m1L126(L 0 )m0 |A1)
<latexit sha1_b ase64="nfaVWNa7DSuxZa4dzKKad 5irQPo=">AAAFhHicnZRbb9owFMd DC12X3ej2uJdoaBqVELITEuBl6rSX PeyBSaOtRGjkGAMWuSl2JiE3X2Qf a2/7NnMMGhRQqGop0snxOb//8fHFT wLKOAB/Kyen1drZs/Pn+ouXr16/q V+8vWZxlmIyxHEQp7c+YiSgERlyy gNym6QEhX5AbvzF12L+5hdJGY2jn3 yZkHGIZhGdUoy4dHkXp7+bXzx433 RDxOcYBeJ7fucmjHoCgvzyToTKyHX hKq1ROvPHArT7fdCBTgu0bQBMpy8 NYJk9x8n1LZAnrI6d69KncoUfILz I9X2tvhLqP1UFWo8R6SmR3v/AlEx2 OaZzHNNVmG4JxukepziK4siflIZk DfB9Mci9ru7OWYIwEbBt0yg3XPcBQ GUxugLstcxugaJfB0oqK8qzN0z7q dtgHxPpbEQ6W4EZOQAqwVgbjFWGU YevhGNuOGYZB1qlGLjBwEduhzpoOx iwwYBcv5eX8tKrN2Sr1TD2Dbg2Gt p6DLz6H3cS4ywkEccBYmwEQcLHAqW c4qBYVsaIPFkLNCMjaUYoJGwsVMG 58VF6JsY0TuUXcUN5tzMEChlbhr6 MLMpmu3OF89DcKOPT3ljQKMk4ifBK aJoFBo+N4kUyJjQlmAdLaSCcUlmr gecoRZjLd0uXTYC7S943rs02BG34o 9O46q3bca691z5oTQ1qXe1K+6YNt KGGq5XqpyqowtpZrVWzavYq9KSyz nmnPRi1z/8AySrOgQ==</latexit><latexit sha1_b ase64="nfaVWNa7DSuxZa4dzKKad 5irQPo=">AAAFhHicnZRbb9owFMd DC12X3ej2uJdoaBqVELITEuBl6rSX PeyBSaOtRGjkGAMWuSl2JiE3X2Qf a2/7NnMMGhRQqGop0snxOb//8fHFT wLKOAB/Kyen1drZs/Pn+ouXr16/q V+8vWZxlmIyxHEQp7c+YiSgERlyy gNym6QEhX5AbvzF12L+5hdJGY2jn3 yZkHGIZhGdUoy4dHkXp7+bXzx433 RDxOcYBeJ7fucmjHoCgvzyToTKyHX hKq1ROvPHArT7fdCBTgu0bQBMpy8 NYJk9x8n1LZAnrI6d69KncoUfILz I9X2tvhLqP1UFWo8R6SmR3v/AlEx2 OaZzHNNVmG4JxukepziK4siflIZk DfB9Mci9ru7OWYIwEbBt0yg3XPcBQ GUxugLstcxugaJfB0oqK8qzN0z7q dtgHxPpbEQ6W4EZOQAqwVgbjFWGU YevhGNuOGYZB1qlGLjBwEduhzpoOx iwwYBcv5eX8tKrN2Sr1TD2Dbg2Gt p6DLz6H3cS4ywkEccBYmwEQcLHAqW c4qBYVsaIPFkLNCMjaUYoJGwsVMG 58VF6JsY0TuUXcUN5tzMEChlbhr6 MLMpmu3OF89DcKOPT3ljQKMk4ifBK aJoFBo+N4kUyJjQlmAdLaSCcUlmr gecoRZjLd0uXTYC7S943rs02BG34o 9O46q3bca691z5oTQ1qXe1K+6YNt KGGq5XqpyqowtpZrVWzavYq9KSyz nmnPRi1z/8AySrOgQ==</latexit><latexit sha1_b ase64="nfaVWNa7DSuxZa4dzKKad 5irQPo=">AAAFhHicnZRbb9owFMd DC12X3ej2uJdoaBqVELITEuBl6rSX PeyBSaOtRGjkGAMWuSl2JiE3X2Qf a2/7NnMMGhRQqGop0snxOb//8fHFT wLKOAB/Kyen1drZs/Pn+ouXr16/q V+8vWZxlmIyxHEQp7c+YiSgERlyy gNym6QEhX5AbvzF12L+5hdJGY2jn3 yZkHGIZhGdUoy4dHkXp7+bXzx433 RDxOcYBeJ7fucmjHoCgvzyToTKyHX hKq1ROvPHArT7fdCBTgu0bQBMpy8 NYJk9x8n1LZAnrI6d69KncoUfILz I9X2tvhLqP1UFWo8R6SmR3v/AlEx2 OaZzHNNVmG4JxukepziK4siflIZk DfB9Mci9ru7OWYIwEbBt0yg3XPcBQ GUxugLstcxugaJfB0oqK8qzN0z7q dtgHxPpbEQ6W4EZOQAqwVgbjFWGU YevhGNuOGYZB1qlGLjBwEduhzpoOx iwwYBcv5eX8tKrN2Sr1TD2Dbg2Gt p6DLz6H3cS4ywkEccBYmwEQcLHAqW c4qBYVsaIPFkLNCMjaUYoJGwsVMG 58VF6JsY0TuUXcUN5tzMEChlbhr6 MLMpmu3OF89DcKOPT3ljQKMk4ifBK aJoFBo+N4kUyJjQlmAdLaSCcUlmr gecoRZjLd0uXTYC7S943rs02BG34o 9O46q3bca691z5oTQ1qXe1K+6YNt KGGq5XqpyqowtpZrVWzavYq9KSyz nmnPRi1z/8AySrOgQ==</latexit><latexit sha1_b ase64="nfaVWNa7DSuxZa4dzKKad 5irQPo=">AAAFhHicnZRbb9owFMd DC12X3ej2uJdoaBqVELITEuBl6rSX PeyBSaOtRGjkGAMWuSl2JiE3X2Qf a2/7NnMMGhRQqGop0snxOb//8fHFT wLKOAB/Kyen1drZs/Pn+ouXr16/q V+8vWZxlmIyxHEQp7c+YiSgERlyy gNym6QEhX5AbvzF12L+5hdJGY2jn3 yZkHGIZhGdUoy4dHkXp7+bXzx433 RDxOcYBeJ7fucmjHoCgvzyToTKyHX hKq1ROvPHArT7fdCBTgu0bQBMpy8 NYJk9x8n1LZAnrI6d69KncoUfILz I9X2tvhLqP1UFWo8R6SmR3v/AlEx2 OaZzHNNVmG4JxukepziK4siflIZk DfB9Mci9ru7OWYIwEbBt0yg3XPcBQ GUxugLstcxugaJfB0oqK8qzN0z7q dtgHxPpbEQ6W4EZOQAqwVgbjFWGU YevhGNuOGYZB1qlGLjBwEduhzpoOx iwwYBcv5eX8tKrN2Sr1TD2Dbg2Gt p6DLz6H3cS4ywkEccBYmwEQcLHAqW c4qBYVsaIPFkLNCMjaUYoJGwsVMG 58VF6JsY0TuUXcUN5tzMEChlbhr6 MLMpmu3OF89DcKOPT3ljQKMk4ifBK aJoFBo+N4kUyJjQlmAdLaSCcUlmr gecoRZjLd0uXTYC7S943rs02BG34o 9O46q3bca691z5oTQ1qXe1K+6YNt KGGq5XqpyqowtpZrVWzavYq9KSyz nmnPRi1z/8AySrOgQ==</latexit>
{0, 1, 2, 10}
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Figure 14: An irreducible path pair (ΓL, ΓR) ∈ S ′2ji , which follows from the sequence depicted
(identical to that in Figure 8). ΓL is shown in red and ΓR is shown in blue; the rightmost
appearance of X ∈ ΓL is shown in purple, and the leftmost appearance of X ∈ ΓR is shown in
orange. Sets in purple next to each node v ∈ V denote values of k for which v ∈ V ψk ; sets in
orange next to each factor X ∈ F denote values of k for which X ∈ Y ψk . Note that ψ is not
creeping from left to right.
For ψ ∈ Ψ ′(ΓL, ΓR), we define the set
V ′ψk :=

V ΓRp minψ(X
ΓR
p ) ≤ k < minψ(XΓRp+1)
{j} minψ(XΓR`R−1) ≤ k < minψ(X
ΓR
`R
), or maxψ(X
ΓL
`L
) ≤ k < minψ(XΓL`L−1)
V ΓLp minψ(X
ΓL
p+1) ≤ k < minψ(XΓLp )
∅ minψ(j) ≤ k < maxψ(j)
(155)
and the set
Y ′ψk := {X ∈ F : X ∩ V ′ψk 6= ∅} ∪ {X ∈ ψ : minψ (X) > k} ∪ {X ∈ ψ : maxψ (X) ≤ k}. (156)
The generalization of Theorem 14 is that
E
[
Cij(t)
2
]
= E
 ∑
(ΓL,ΓR)∈S′2ji
∑
ψ∈Ψ ′(ΓL,ΓR)
∫
∆`L (t)
dtL1 · · · dtL`L(Ai|e
−Lψ` (t−tL`L )(−LψX`)e
−Lψ` (tL`L−t
L
`L−1) · · ·
×(−LψX`R+1)e
−Lψ`R t
L
1Pj
∫
∆`R (t)
dtR1 · · · dtR`RPje
LψX`R (t−t
R
`R
)Lψ`R · · · eL
ψ
1 (t
R
2 −tR1 )LψX1eL
ψ
0 t
R
1 |Ai)
 (157)
where
L′ψk := L −
∑
Y ∈Y ′ψk
LY . (158)
Figure 14 shows the construction of V ′ψk and Y
′ψ
k in an example. Using (109) we arrive at the bound
E
[
Cij(t)
2
] ≤ ∑
(ΓL,ΓR)∈S′2ji
|Ψ ′(ΓL, ΓR)|(2t)
`
`!
∏
X∈ψ
(2JX) (159)
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Here, the total number of factors in the sequence (ML,MR is denoted by n. This is slightly different
notation from in the proof of Theorem 19. We will also use the different notation `L,R := `(ΓL,R) below.
Step 2: Now we proceed by first analyzing (159) on KqN . First, let us fix (ΓL, ΓR) ∈ S ′2ji , and suppose
that ΓL ∩ ΓR contains n ≤ min(`L, `R) factors in common. If this inequality is saturated, it means that
the graph is genus 0 (ΓL = ΓR), and |Ψ ′(Γ, Γ )| = 1. Otherwise, there are `L − n > 0 free factors on the
left and `R − n > 0 free factors on the right. We can overestimate the size of |Ψ ′(ΓL, ΓR)| by assuming
that the non-shared factors can appear anywhere, while (by construction) the factors in the irreducible
paths must show up in a fixed order. Using the multinomial theorem:
|Ψ ′(ΓL, ΓR)| ≤ (2`L + 2`R − 2n)!
`L!`R!
=
`!
`L!`R!
. (160)
Now let us plug (160) into (159), and split the sum into two terms depending on whether or not the
irreducible paths are the same or not:
E
[
Cij(t)
2
] ≤ ∑
(Γ,Γ )∈S′2ji
(2t)`
`!
∏
X∈ψ
(2JX) +
∑
(ΓL,ΓR)∈S′2ji ,ΓL 6=ΓR
(2t)`
`L!`R!
∏
X∈ψ
(2JX). (161)
The first term in the above sum is easy to evaluate. We evaluate the sum by first summing over all
inequivalent paths Γ of fixed length `, and then summing over `:∑
(Γ,Γ )∈S′2ji
(2t)`
`!
∏
X∈ψ
(2JX) ≤
∞∑
`=1
∑
Γ∈Tji
`(Γ )=m
(2t)2m
(2m)!
∏
X∈ψ
(2JX) = 1
N
∞∑
m=1
(2t)2m
(2m)!
(
q − 1
q
4J 2
)m
=
1
N
[
cosh
(
4
√
q − 1
q
J t
)
− 1
]
. (162)
In the last equality in the first line, we have used identical counting of the number of independent paths
as in Theorem 19. Indeed, at genus 0, this bound and the bound of Theorem 14 are (by construction)
identical.9
Now we turn to the second sum. Without loss of generality, we assume that `L ≥ `R. It is useful to
write ∑
(ΓL,ΓR)∈S′2ji ,ΓL 6=ΓR
(2t)`
`L!`R!
∏
X∈ψ
(2JX) ≤ 2
∞∑
`L=1
`L∑
`R=1
`R−1∑
n=0
∑
(ΓL,ΓR)∈S′2ji
`(ΓL,R)=`L,R
F˜ (ΓL∩ΓR)=n
(2t)2(`L+`R−n)
`L!`R!
(
4J 2X
)`L+`R−n
≤ 2
∞∑
`L=1
`L∑
`R=1
`R−1∑
n=0
(2t)2(`L+`R−n)
`L!`R!
(
q − 1
q
4J 2
)`L+`R−n
× (q − 1)`R
N2
. (163)
The overall factor of 2 comes from our simplifying assumption. The new factor of (q − 1) the second line
above comes from the fact that if ΓL 6= ΓR, the two paths must join up at some node or factor at least
once. There are n + 1 possible places where the paths can join up. If the paths join up at a node, then
there is a relative factor of 1N ; if they join up at a factor, there is also a relative factor of
q−2
N . This leads
to the bound above. We now simply carry out the sums in order:∑
(ΓL,ΓR)∈S′2ji ,ΓL 6=ΓR
(2t)`
`L!`R!
∏
X∈ψ
(2JX) ≤ 4
N2
(
exp
[
q − 1
q
(4J t)2
]
− 1
) ∞∑
`R=m
∞∑
m=1
(
q − 1
q
(4J t)2
)m 1
`R!
9The genus 0 term in (107) is not as strong as this bound, a choice which was deliberately made to avoid cumbersome
formulas in Theorem 19 and its proof.
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≤ 2(q − 1)(e− 1)
N2
(
exp
[
q − 1
q
(4J t)2
]
− 1
)(
q − 1
q
(4J t)2
)
exp
[
q − 1
q
(4J t)2
]
. (164)
Step 3: It is straightforward to generalize the proof of Corollary 22, and we find
Eq,k
[
EG
[
Cij(t)
2
]] ≤ 1
N
[
cosh
(
4
√
q − 1
q
J t
)
− 1
]
+
2(q − 1)(e− 1)
N2
(
exp
[
q − 1
q
(4J t)2
]
− 1
)(
q − 1
q
(4J t)2
)
exp
[
q − 1
q
(4J t)2
]
.
(165)
Finally, we may bound tδs . Let E[· · · ] = Eq,k[EG[· · · ]]. Using Markov’s inequality,
P
[
Cij(t)
2 > δ2
] ≤ E[Cij(t)2]
δ2
(166)
From (165), there exist constants c1, c2, c3, c4 = O(N
0) such that
E
[
Cij(t)
2
] ≤ c1
N
ec2t +
c3
N2
ec4t
2
. (167)
Letting t =
√
a logN , we find that as N →∞,
E
[
Cij(t)
2
] ≤ 2c3Nac4−2 (168)
Hence for ac4 < 2, as N →∞, P [Cij(t) > δ]→ 0. Thus tδs ≥
√
c−14 logN almost surely. Hence we obtain
(153).
Open Questions5
We end with a number of interesting open questions and worthwhile directions for future research.
(1 ) There are many systems which are not random but for which HX are strongly extensive. An
example related to the SYK model is a more general class of melonic models [33, 34, 35, 36], all of which
exhibit similar correlation functions in the large N limit. We conjecture that it is possible to generalize
Theorem 14 to a broader class of non-random models for which extensivity and strong extensivity are
equivalent. Furthermore, we conjecture that in such theories, the corrections to Theorem 14 can be proven
to be subleading in 1/N on many factor graphs.
(2 ) it would be interesting to try and generalize the inner product (10) to a thermal inner product
[22]. Of particular interest is the presence of a “bound on chaos” [37] which (under certain circumstances)
bounds the Lyapunov exponent from above by 2piT , where T is the temperature. It would be remarkable if
this result (which follows from analytic properties of correlators in the complex plane) can be understood
from a graph theoretic perspective. Recent work [38] on the SYK model may be of relevance. A Lieb-
Robinson perspective on thermal commutator norms can be found in [39]. We note in passing that one
of the two assumptions of the chaos bound of [37] is quite similar to Cij(t) being parametrically small at
finite time t, a fact which we have proven in a broad class of models in this paper.
(3 ) Many physically relevant systems involve bosonic degrees of freedom and thus necessarily have an
infinite dimensional Hilbert space. It would be interesting to study scrambling in such systems [40]. Lieb-
Robinson techniques for infinite-dimensional Hilbert spaces have been developed in [41]. It is postulated
that a matrix model with bosonic degrees of freedom is dual to dynamical quantum gravity in higher
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dimensions [42], and so the developments of our formalism to infinite dimensional Hilbert spaces may be
important in order to provide some rigorous constraints on scrambling in matrix model formulations of
quantum gravity and string theory.
(4 ) As we discussed at the start of the paper, our work may imply that certain theories of quantum
gravity that admit a holographic description are not spoiled by non-perturbative effects in quantum
gravity. It would be interesting to clarify any such implications, even if certain assumptions cannot be
proven. A preliminary (yet challenging) task would be to study whether our bound correctly reproduces
the qualitative features of subleading corrections in 1N to OTOCs in the SYK model.
(5 ) At early times, we can explicitly construct a Hamiltonian on a one dimensional lattice for which
(for certain commutators) Theorem 4 is exact at early times. Let X,Y, Z be the Pauli matrices (a basis
for su(2)). Then consider the Hamiltonian
H =
∑
i∈2Z
(XiXi+1 + YiYi−1) , (169)
and the commutator norm ‖[Zi(t), Zj ]‖. It is straightforward to see that Theorem 4 is a tight bound as
t→ 0 for any i and j. More generally, finding necessary and/or sufficient conditions (if they exist) for the
optimality of Theorem 4 and Theorem 14 for any i and j, and for a fixed duration of time t > 0, is an
important future task. Perhaps a necessary condition for the optimality of our bounds away from t→ 0
is that the factor graph is locally treelike. In the SYK model, our bounds do not correctly capture the
destructive interference of a growing operator with itself, and we expect such interference to be generic
on loopy factor graphs.
(6 ) Similarly, it would be interesting to check if Theorem 4 and/or Theorem 14 ever correctly reproduce
the speed of light in lattice discretizations of Lorentz-invariant quantum field theory.
(7 ) If we replace Hamiltonian quantum evolution in a simple random ensemble with Brownian Hamil-
tonian evolution [9, 28], where each coupling constant JX(t) is an independent Brownian motion, we
expect that the genus expansion of Theorem 14 truncates at leading order (genus 0). It is an important
question whether the recent models of quantum dynamics employing random unitary circuits [43, 44]
(which we anticipate are similar in most respects to Brownian evolution) therefore miss any qualitatively
important aspects of quantum dynamics in simple random Hamiltonian ensembles (as they do in the
specialized model of [28]).
(8 ) As this paper is rigorous, the high genus terms of the topological expansion in Theorem 14 made
it very challenging to prove (1) for regular systems. It is plausible that for irreducible causal tree pairs
whose causal graph is of high genus, summing over the many creeping sequences of couplings lead to
destructive interference in operator growth. It would be worthwhile to check if this interference can be
proved in simple models. These results may have important implications about holographic quantum
gravity.
(9 ) It would be interesting if our topological generalization of the interaction picture of quantum
mechanics has an elegant interpretation in a path integral formulation of quantum mechanics.
(10 ) Finally, the Lieb-Robinson theorem has had other applications: for example, proving that spatial
correlation functions decay exponentially in gapped systems on lattice graphs [12]. It would be interesting
if our stronger results lead to qualitatively stronger theorems in quantum many-body physics which at
first appear unrelated to operator growth and many-body chaos.
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